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PREFACE

The preselt work will contribute to the recognition that space

travel is to be taken seriously and that the final successful solution

of the problem cannot be doubted_ if existin_i technical possibilities

are purposefully perfected as shown by conse_'vative mathematical

treatment.

In the original work i0 years ago, the suthor believed that

2_000 m/sec was the highest gas velocity attainable for the foreseeable

future by our technical means. Calculations originally were only carried

out for this value. But in the meantime thr_e works concerning the

I_cket problem were published_ which make it apparent that far higher

exhaust-gas velocity can be reached with a suitable array:

Robert H. Goddard: "A Method of Reaching Extreme Altitudes"

(mainly on the basis of practical experiments);

Herman 0berth: "The Rocket Into Inters_ace" (especially valuable

for detailed suggestions on the basis of theory);

Max Valier: "The Advance Into Space" (_ simple presentation of

the problem).

Therefore and for direct comparison with 0berth's results, calcula-

tions were extended to higher gas velocity (2,500, 3,000, 4,000, and

5,000 m/sec), leaving the original 2,000 m/s_c now as the lower limit.

This makes conditions much more favorable; hcwever, the following

observations apply:

The use of low gas velocities required _voidance of any deadweight.

This led to arranging the fuel to be carried with the rocket in the shape

of a cylinder of solid fuel, whose combustio_ would automatically result

in the escape of the gas at the required velocity. This arrangement

represents the ideal solution, because no deadweight is involved_ but

is conceivable only at low gas velocities. _ccording to Oberth the

higher velocity can be achieved only by mean_ of gases escaping through

narrowed jets during combustion; carrying the Jets and the container

for the liquid fuel means a more or less lar_:e deadweight, which is

easier to carry at higher gas velocity.

The weights used in the last two sectio_ s do not include these

unavoidable deadweights, because estimation _ithout practical experiments

with jets and containers is hardly possible. Quoted weights to be lifted

Go therefore represent the lowest value while using an ideal fuel.

Taking higher velocities into consideraJion as well as later sup-

plements - particularly investigations concerning possibility of landing

without deceleration ellipse at the end of section 113 and concerning

ii
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intersecting ellipses at the end of section V_ also consideratioms (_on-

cerning heating during landing - are due to suggestions by Mr. V_]i_-.r"
and Professor Oberth.

Since the writer is an engineer, not a mathematician_ c]_mlsy

approximations in place of mathematical formulas occasionally _ppe_r i_

the calculations; this should not affect the results.

Essen, October 1925 W. Ho hrm-mm

iii i





NATIONALAERONAUTICSANDSPACEADMINISTRATION

TECHNICALTRANSLATIONF-44

THEATTAINABILITYOFHEAVENLYBODIES*

By Walter Hohmann

F
4
4

_LEAV_G THE EARTH

In free space we could impart to otu- vehicle an arbitrary

velocity _v by expelling a part Am of the vehicle's mass m with

the velocity c in opposite direction relative to the vehicle.

Since the center of gravity (CG) of the total mass m remains at

rest, we have after time t according to Figure l:

C.t

Figure I

_m(c • t -Av • t) = (m -Am) • Av • t;

or

m -Am _ c - _v

Am Zkv '

or m _ c (i)
Am Av _

thus

Am
AV=C • _;

m

i.e., once Am moves with velocity c, the remaining mass (m -Am)

Am opposite to Am, as long as nothing
moves with velocity z_v = c •

m

else happens.

*"Die Erreichbarkeit der Himmelsk6rper." R. Oldenbourg (Munich -

Berlin), 1925.



dr
dt

there follows

goro 2

dv o_ - r_ _vdv ((c_
_r-= v ; = ) -

goro 2 _. _2 goro 2

-_--)ar; _--= c_r +--r
+C.

If acceleration is to begin from rest (_ = O) at r = ro, then

goro 2
0 = c_(ro + ------- + C_

r o

thus

C = -C_ro - goro = -ro(CW, + go),

therefore in general

v2 goro 2
_ = CO£If +
2 r

r o

ro(CO_ + go ) = (r - rc)(c_ - go _--) (4)

If at rl, after reaching mximum velocity Vl, acceleration c_<

ceases, then the vehicle will subsequentl_ behave like a body thrown

upward with velocity Vl, i.e., its instantaneous velocity at r' > r I

dr s
v ! = w

dt

diminishes at the rate

these _;o equations give

dr t

v'dv' = -goro 2 r-_ ;

thus

= + g°r°2 + C;
2 r f

where



C ___

Vl2 g_ro2

2 r I

or

v'2 - g°r°2 + v12 g°r°2 • (5)

2 r' 2 r I

If the vehicle is to reach its highest velocity v I at r i such
that it does not retua_n because of gravity _'=_-_a_ _c_ acceleration c_.

ceases, then the final velocity v' = 0 m_ust be reached only at

r' = oo, so ti_t according to equation (5)

Vl 2 go,go2
= (6)

2 r I

on the other hand by equation (4)

v12 Coro 2

-_-: c_r I + rl ro(_ + go)%

therefore

c_r I = ro(C_ + go ),

or

go)c_ + go = ro(l + (7)
rl = r° co<

and

g°r°2 / 2g°r°v! = rl _ i + g--9-°
cN

The dua_ation tl, after which r I and i_m.xi_._mvelocity v I are

attained_ follows from

dt

in the general form

r I

tl = I

r o

r I
dr=/

r o

c_r + 2g°r°----_2 - 2_o(C_ + go)
r



ro = 6,380 km and go = 9.8 m/sec 2 = 0.0098 1_sec 2

(the results represent only approximations ).

The table shows, that the effect of co< is relatively smaller

than that of c, therefore the highest possible jet velocity c is

of prime importance, while the acceleration c_ rmy be chosen as

high as is possible to withstand. This accele'ation is felt by

the occupants as an increase in gravity and is thus limited by

physiological considerations. TI_ following consideration will

serve to find a suitable value. A man jumping from a height of

h = 2 m has a velocity v = 2q_-_o , when touchini_ the ground. From

that moment he decelerates this velocity to zero within a distance

of h' = 0._ m and consequently will feel the acceleration _, given

by v = _2h--_, as additional gravity. These two equations give

= go h 2.0 = _40 m/sec 2.= go = 4go •

If one takes into consideration, that dur[ng space travel the

acceleration will act over a span of several m Lnutes, while in our

example its duration is limited to a fraction of a second, then an

acceleration c_ of about 20 to 30 m/sec 2 would seem just feasible

(More detailed investigations concerning the p_kysiological effect

of acceleration are carried out in "The Rocket Into Space" by

Oberth ).

More difficult to meet is the requirement of the highest pos-

sible velocity c. The highest velocity now available to man is

that of an artillery shell, say 1,O00 to 1,500 m/sec. But because

of the high value of m_ml, this cannot be considered here, as may

be seen from Table I; rather we Imve to demand at least a value c

of about 2,000 m/sec.

with c = 2,000 m/_ec and c_ = 30 m/sec 2Thus the ratio m o
-- = 825
ml

is the least required by these considerations.

This lower limit (co< = 30; c = 2,000) is _sed for the follow-

ing calculations, with higher values of c bein_ occasionally used

for comparison.

The mass to be expelled/sec at the beginning of departure is

in accordance with (lc)

dm o

_=o(, m0 ,
dt

F
4
4



9

where

c 2,000 m/sec sec

and

m o = 825 ml;

s o that

am o

d-_- = 0.015 • 825 m I = 12.4 m I.

At the beginning, considerable amounts of _ass have to be radi-

ated, cor_ared to the payload. If one were to expel this nmss by

firing artillery, one would have to carry correspondingly heavy

pieces, thus in turn increasing the payload m I and again in turn

the total mo. To avoid this, the operational mass m o - m I may be

arranged so to say like a rocket, that is burning sl_<ly, while

the combustion products are expelled with the required velocity c

into a space, assumed empty. Since the combustion mass rate is now

proportional to the rocket cross section and since -- by (ice) -- it

also must be proportional to the mass remaining above the instantane-

ous cross section_ we must imagine the cross section to be propor-

tional to the mass resting above it, so that the fuel would be ar-

ranged in the form of a tower of constant weight/area ratio (see

Figure 3 ).

, _-L_......_:.-t_ -,,_P

/___L _ _i._____/
F,

Figure 3

The mass to be expelled/sec at F is, according to (ic) and

Figure 3 :

am= m:F •
dt dt go '

where go and T' denote density of the fuel and gravitational ac-

celeration at the earth surface respectively. Therefore



l0

dh = am go
dt F _--W'

or, since

m ml mo

F F1 F o

aml go

dh = F1 7' dt,

and

t I
aml go f aml go

h = FI _, dt _ F1 _, tl,

o

or if G I = mI • go denotes the weight at the Earth surface of the

payload ml, then :

h = at__l. G_!l
h "

Further, by (12) :

mo

F o = ml " FI.

If f.i. the weight to be lifted G I = 2t and of the fuel density

_' = 1.5t/m3, then for the assumed case (ca = 30 m/sec2; c = 2,000

m/sec; _ = _ ; t I = 448 sec; _o = 825) there follows the rela-
sec ml

tion:

h = o.oi • 448 2.0
1.5 FI _i '

F o = 825 • FI;

and if one assumes an upper cross section for the tower of FI =
0.332 m2 corresponding to a 0.65 m dia.:

F o = 825 • 0.332 = 273 m2, correspondinE to 18.7 m @,

h = 8.96 = 27 m (see Figure 4)
0.332



ll

Figure 4

The force on the material, considering c_ = 30 m/sec2 instead
of the usual go _ 9.8 m/sec2, is:

To produce a material, having the necessary strength as well
as the necessary energy of combustion to produce velocity c, is a
question for the technology of explosives.

So far, air resistance has been ignored. Even if the shape of
the vehicle (Figure 4) is favorable for overcoming atmospheric fric-
tion and even if higher velocities are achieved only at hei_s,
where very little or no atmosphere is present 3 the influence of the
lower and denser regions must at least approximately be taken into
consideration.

According to yon Loessl, the resistance W of air of specific
density _ with respect to a body3 moving with velocity v at right
angles to its cross section F, is:

W _ _-_---• F • _(eq. (14), section II),
g

where g is the Earth acceleration and _ has a value depending on
the body's geometry (for vertically effected areas _u= 1). The
resulting retardation is
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w F
A_ ...... _.

m g m

In the present case according to (12)

FI 0.332 i m3F . constant = = =

further, according to Figure 5, we may approximate by a cone

so tlmt

,is_Aid_)2 = _.m," sin2_ = N_2 - 27

_ _ o.m _v_3=-_-" o_7 = g "57,_" (13)

!
k-

Figure 5

In the range considered, we have with sufficient accuracy

g - _i0 m/sec 2

and according to (4):

_o
= 2(r - ro)(C_ - go _--)-

The values for _ may be found in Table III (_age 19), section

II, and accordingly in Table II the values ior ____in kg/m 2 are

g
calculated for various values of the distan(e r.
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Table II

ro _ (from _2

r (r - r O) (co< - go _-) v2 Table III) 7"

 ,,ec2

6,380 0 0.02020 0.00 1.30 0

6, 381 i O. 02020 O. 04 i. 15 4,600

6,382 2 O. 02020 O. 08 i. O0 8,000

6,383 3 O. 02020 O. ]22 O. 90 ii, O00

6,3@_ 4 0.02020 0.162 0.80 13,O00

6,385 5 0.02020 0.202 0.70 14,200

6,386 6 0.02020 0.243 0.62 15,100

6,388 8 0.02021 0.323 0.48 15,500

6,390 i0 0.02021 0.404 0.375 15,200

6,395 15 0.02022 0.606 0.215 13,000

6,400 20 0.02023 0.810 O. 105 8,5 00

6,410 30 0.02024 1.214 0.0283 3,440

6,420 40 0.02026 1.620 0.0074 1,200

6,430 50 0.02027 2.028 0.00187 370

6,440 60 0.02028 2.434 0.00045 ii0

6,460 80 0.02032 3.250 0.000023 7.5

6,480 i00 0.02035 4.070 O. 000001 0.4

Above 50 km from the Earth's surface the air resistance ac-

cording to (13) is no longer significant at the velocities attained

there. To take an unfavorable case, we will assume an average value

of

_v 2
ooo

g
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for the region between 0 and 50 k_l, so that the 1_wan retardation
from (z3) is

Zk_ = 12,000 = 2.4 m/sec 2
5,000

leaving all effective acceleration of only

_4 - A3 = 30 - 2.4 = 27.6 m/sec 2

bel_1 the first 50 km in place of c_ = 30 m/see 2.

In r = 6,430 km or r - ro = 50 km height, we imve therefore

according to (4):

-- 6_) = 0._95 km2/sec 2v2_ = 50(0.0276 - 0.0098 6,430"

in place of

or

50(0.03 - 0.0098 • 6_2L_ = 1.014 kn¢/sec 2
6,430"

v =72" 0.895 = 1.340 km/s_c

in place of

,/2.z_.oz = z.425 _/sec

and the time up to that point

t' - 1,340 = 75 sec

27.6 - _3 (2 + _)

in place of

im42_ _ _rp-- " 70.3 s,:c

3
the time difference therefore At " 4.7 sec.

Since further the final velocity turns _t too low by

F
4

4

Zv' " 1.425 - 1.340 " 0.085 kn/sec
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the acceleration has to act longer for a time

Z_t' = --

30 - 9.8 •
3.5 sec

resulting in a propulsion time

t I' = 448 + 4.7 + 3-5 = 456 sec;

in place of t I = 448 sec; therefore

_t l' ", 0.015 • 456 = 6.84

and the ratio

m° I e_tl ' = 933 in place of 825.
m I

The result becomes somewhat more favorable, if the acceleration

below the first 50 km is simply increased by _ = 2.4 m/sec 23 the

propulsion period then remaining at 448 sec, during the first 70.3

sec of which _c = 32.4 m/sec 2 with _< = _32.4 = O.0162 ' while
2,000

during the remaining 377.7 sec _c _ 30 m/sec 2, corresponding to an

_ O.015, so that

m°_ = _t = e0.0162 • 70.3 + 0.015 • 377.7 = 898.

mI

The table below shows the air resistance calcu/ated similarly

but for different _c and c:

_c " 30 m/sec 2 _c = lO0 m/sec 2

(tI' = 456 in (tl' = 123 in
place of 448 place of ll7

sec_ SeC) __, ' II

_c = 200 m2sec

(tl' = 64 in

place of 57

sec)

c = 2,000 933 in place of 468 in place of 602 in place of

825 342 299

c = 2,500 235 in place of 138 in place of 166 in place of

216 108 95.5

c = 3,000 95 in place of 60 in place of 71 in place of

88 49 44.7
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_c = 30 m/sec 2

(ti' = 456 in
place of 448

sec)

_c = lO0 m/s :c2

(tl' = ]23 i]

place of ll7

sec )

_<c = 200 m2sec

(tl' = 64 in
place of 57

sec)

c = 4,000 30 in place of

28.7

22 in place of

18.7

25 in place of

17.2

c = 5,000 15 in place of

14.6

12 in place of

io.4
13 in place of

mo c tl'
=a e

ml

The effect of the air thus rapidly increases with increasing

_c, so t1_t finally high values here can become more unfavorable

than lower values of _c, because of the earl," attainment of high
ve loc itie s.

The above concept, to impart to a body an acceleration op-

posing gravity by expelling parts of its mass, is not new in itself.

It is contained unwittingly in Jule Verne's "Journey Around the Moon,"

where mention is made of rockets, which are taken along to decelerate

the vehicle, and it is continuously used in Kurd Lasswitz's "On Two

Planets." Here however under the very favorable assumption, that

the velocity of expulsion is that of light, _'esulting in only a
minor decrease of the vehicle's mass.

The more recent works of Goddard, Oberth and Valier have al-

ready been mentioned. Also the pioneer of a_lation, Hermann Gans-

windt, has proclaimed the idea of a rocket w.hicle in public talk_

around 1890, at the same time also, the Russian Cielkowsl_. Finally,

Newton mentioned the possibility of travel i_, empty space on the oc-

casion of a lecture concerning impulse reaction.

II

RE_JPJ_ TO EARTH

To decelerate a vehicle, as described i_ the last section

(Figure 4), falling toward the center of attraction within the

range r I and ro (Figure 2) from velocity v I _o a state of rest, we

require the same tl, given by (10), during wlich new however the

particles are expelled in the direction of motion at the rate d__m.
dt
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Thus for a return trip the propulsion _eriod would beco_e

twice as great, resulting in a mass ratio ___ = e_tl - 2, i.e.,

E]0

the second power of the values quoted in Table I for the ratio me
2

m!

f.i. in place of c_< = 30 m/see 2 and c = 2,000 m/see:

m°_' = {}252 = 680,625.
m1

This type of retardation -- at least for presently feasible

jet velocity c -- would ma1_ _mtters extremely unfavorable. A

different type of landing, namely retardation by the _arth atmos-

phere, r:_st be attempted.

According to yon Loessl 3 the resistance to a body, entering

the atmosphere, is

.... F_W =w FT= _/ g
(14)

where v = instantaneous velocity

g = gravity

= density of the air

w = pressure/unit area, vertically to the direction of motion

F = area of the body at right angles to the motion

= a constant, depending on the surface geometry, f.i.

plane area T = l, convex hemisphere _ = 0.5.

Setting atmospheric pressure at sea level Po and zero at
height h and assuming (Figure 6) a law

o {[_n (15 )
p = _O_h_

then the pressure rises with height dy as

d_ = nP__o_oyn-i;
dy hn

but
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so that

dp =Ydy or dp= 7,
ay

y = nP__o yn-l.
hn

(16)

II T

I
sea level

Figure 6

Since at sea level y = h and p = Po, we have

nP o

Yo =-_-,

or

Yo
n = -- • h (17)

Po

and according to (16):

_o Po • yn-I (_i)n-i
Y pO " h hn To,l

(_6a)

_mpir ically

_o = 1.293 kg/m3

Po = 0.76 m • 13,600 kg/m3 = 10,330 kg/m 2 (w_ight of _rcury column)

_o 1.293 l_/m3 1 1

p-_ " 10,330 kg/B2 = 8,000 m _ _ (17a)

Results of balloon experiments show the atmospheric pressure

to be 210 mm _rcury at h - y = lO kin, or that

F
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___ = 210 i
Po _ = _3-_ '

which foll_s from (15) independently of h, providing this height

is assumed to lie between i00 and 1,000 kln. }_teor observations

and theoretical reflections suggest an atmosphere of at least

h = 400 l_m (c.f. Trabert "Lehrbuch der kosmischen Ph_vsik_" page

304). In the following this value is adopted; from (17) and (17a)

400
n I _ = 50; n - 1 = 49;

and the value of _ corresponding to h - y is given Im Table llI
below.

Table III

h - y y _ = 1.293(h )49y

o 4oo 1.3 55

i 399 1.15 60

2 39G 1.oo 65

3 397 o.9o 7o

4 396 0.80 75

5 395 0.70 80

iO 390 0.375 85

15 385 0.215 90

20 380 0.105 95

25 375 0.055 lO0

30 370 0.028 3 105

35 365 O.014 64 ii0

40 360 0.007 4 150

45 355 0.003 76 200

50 350 0.001 87 400

h -y y
km km

= 1.293 (_)49v

kg/m3

345 O.000 915

34o o.ooo 448

335 o.ooo 217

330 0.000 102 5

325 O.O00 049 7

320 o.ooo 023 o

315 0.000 OlO 6

31o o.ooo 0o4 9

3o5 o.0oo 002 2

300 o.ooo ooo 98

295 0.000 000 423

290 0.000 000 185

250 0.000 000 000 13

200 0.000 OO0 OO0 O00 002 3

0 0.000 0OO 000 000 0OO 000
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400 kmabove sea level at r = 6,780 is from the Earth cen-
ter, a body, falling toward the Earth under gravity alone, has
by (6) a velocity

It is clear that such a velocity cannot be stopped within
400 I_ without damageto the vehicle and its passezgers. The
retardation distance can hc_ever be arbitrar-ly increased with
a tangential approach.

A body, subject only to gravity of the Earth, movesat large
distances radially or approx_mtely parabolically, the Earth center
being the focus of the motionj the velocity at distance r being

2 r°2v = go-T-

(using the notation of Figure 2), i.e., a tangential velocity,

when passing the Earth, of

while, when passing higher up, at the limit cf the atmosphere, the
tangential velocity is

v " • 0.0098 ., lO.C km/sec,

thus the mean is

v' = ll.1 km/sec.

To determine within which limits of the _tmosphere a usable

retardation my be obtained; Table IV shows t_ air resistance

___ , acting at right angles to the motio] in kg/m2 as a re-
g

sult of a velocity of ll.1 km/sec.

F
4
4



4J

21

o
oo S_

0 0 ,--I

,q_ 0_I CO OJ 0 0

F

,Q

0
0
0

0

8 _0

0 0 ,-.!

0 0 0
0 0 0 c_

0 0 0 ,-I _ 0,.I _ 0 L_- u"x

0 0 0 0 0 0 0 cr_ C_o _ -8o 8 o _ _ _ _ o0 8 0 0o o o o o _ _ -_,-I OJ _ O_ c_

0 0 0 8 0 0 0 0 8 0 0 0 0 0 0 ,-I
0 0 0 0 0 0 0 8 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 0 0 0 0

• • • • • • •

0 0 0 0 Lr'x 0 0 0 0 Lr_ 0 u'x 0
co cO cY'_ Ox 00 co _-- t._.. _ Lr_

LrX Lr_ _ _ c_ c_

o 8 o _ o o o o_R o _9 _ _ _ _ o _ o
o.I OJ _ 0r_ _ -':1" u-x

0 0 0 0 o 0 Lr_ .0 L'_ 0o o _ _ _ o _R 0_ co co _-
-..-I- 0.1 ,-I ,-I ,-I ,-'1

0 I__ 0LO _ LF'X



22

The atmosphere above lO0 km cannot be considered suitable for

retardation for this velocity. On the other hand, one cannot ex-

pose the vehicle, which now has only its small final mass m -- con-

trary to the situation when penetrating the atmosphere from below,

as investigated at the end of the last chapter -- and which is in-

tentionally designed to utilize and not minimize friction to exces-

sive resistances Fv 2 , but rather with regard to maneuverability,
W I

g

things have to be so arranged, that as with an airpl@ne, the velocity

in tile lower atmospheric strata, where g = 9.8 m/sec 2 and _ --1.3

kg/m3, is 50 m/sec appraximately, so that

w - 7- = 9.8 = 33o _/m 2.

According to Table IV, a height between 75 and lO0 km above the

ground gives a good mean value.

The atmosphere should thus be entered with a tangential peri-

gee of 75 km above sea level or

ra = 6,380 + 75 = 6,455 kn

from the earth center.

The length of the retardation paths betwc,en 75 and iO0 kun,

according to Figure 7:

Limit of _ z_/_ _

the at- / ._? /'/_ '\

=osph re ¢i ,'

400,..._

r/ \\ \

Figure 7

General_y for a parabola

ra

r-V= cos2 _',
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loeo,

cos _' = _ 0.998975;

_, _-3o34,;

2_' - 7°8';

and with sufficient accuracy

sa " r' si_ 2_' = 6,480 • 0.12428 = 805 kin;

i.e., between 75 and lO0 km, the effective distance, during which

retardation is experienced, is

2s a = 1,610 kin,

if in the first order we neglect changes in the trajectory due to

retardation (these will be dealt with at the end of the section).

Within sa the retardation _ of the mass ml, through the air

resistance w, has the variable value

W

or (by (14) and (16a) with g = _go )

dt goml

further

and approximately

therefore

ds Sa Sa

_yy'_ r I - r a ;

d__v_ dv dt d__s= _ ___°F_ • --Sa • (h_)49;
dy d-_ " _- " dy goml _r a v
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or

d_zv. _ --_--_°F_.--Sa . (_)49 • c.y;
v goml Ar a

_oF_ Sa 5h__Im v = - 50 goml " dr-_ " - C;

when entering the retardation stretch, i.e., for y = y' we have

I/I V ! m

koF%_ sa . ,50

50 goml " _r-_" hZ_-9 + C;

in the center of the stretch, where y = Ya,

_oF_ s a Ya 50
@ @

inva = - 5ogoml _ _ ÷ c;
therefore during the passage of the first half:

v_,o Lv ¢° Zinv' - _ va _ Va 5OgoZl "_r--_'h _ ( )5O

If one uses the values:

= 1 " kglm3; Ar a = r' 7.=_o .o - ra - lO0 - = 25 km;

Sa

sa =8o5 kin; _25 --32.2;

h = 400 km = 400,000 m; Ya = 325 km; y' _. 300 km;

and further as before uses goreS_ = weight of tle vehicle G I on the

earth = 2,000 kg amd F_ = 6.1 _2 correspomdin_i say to a parachute

of 2.8 mdia., moving at right angles to its Erea, so that the max.

value of the retardation at 75 km above sea level is

_max = w_..ml• F_= 20-_640. 6.1 =. 19.._ m/sec 2,

then one finds the velocity va at the perigee from

in raY--_-!,35o.'2,ooo6"1. 32.2 • 4oo,ooo 4_oo )5° (_oo)5O74oo-_ = o.o31,

or

v._'= e0.031 = 1.032,
V a



25

thus

V !

Va = 1.03-----_"

Similarly for the second half sa of the stretch we find the

exit velocity

Va v ' ll. 1

Vl--1.o3---__ _-- _ _ lO.4_/sec.

In consequence of the retardation, there occurs an alteration

in the trajectory, in particular the parabola is replaced by an

ellipse, so that the vehicle returns to the same retardation area

after completing an orbit, but this time with an entrance velocity =

vI = 10.4 Izn/sec. Since within the short breaking distance the el-
llptic orbit is only minutely different from the parabolic orbit,

one may again use 2s a = 2 " 805 = 1,610 km. After a second passage,

the new velocity

Vl v ' ll. 1

v2 o _ - 1.o--7 _-_ _ 9.8 _=/sec.

This further lowering of velocity causes a smaller elliptic

orbit, at the end of which a further breaking period follows with

entrance velocity v2 = 9.8 km/sec. If the same distance 2s a =

1,610 km is assumed (actually it increases a little every time,

thus increasing the retardation), then

ll.1

v3 = _ = 9.2 km/sec,

and so on:

ll.l

v4 = _= 8.6 km/sec,

ll.1
= 8.1 km/sec,

v5 = 1.032± 0

until finally, after a crossing of half the distance Sa, a velocity

ll.1
Va = 1.032 = _ = 7.85 l_Isec

is reached. This however is the velocity
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corresponding to a circular orbit at the d_stance ra = 6,455 km
from the Earth center or 75 km above the Earthj providing friction

is neglected. The vehicle would thus remain within t1_e atmosphere,
permitting a continuation of the landing in the form of a glide.

To calculate the time necessary for th_ passage through the

various orbits during retardation, we first have to find their di-
mensions (see Figure 9)-

A body at distance r from the Earth center E and of mass m

experiences attraction

r2

At sea level, r - ro, P = mgo, i.e., tue weight of the body

_0 :m '_-_ m ,
ro

so that

_a = goro 2 = 0.00£8 • 6,3802 - 400,000 kmB/sec 2.

If the body (Figure 8) has a velocity _a _L ra at distance ra
(perigee or apogee), then it describes an ellipse with semi-axis

-_ and b
a - 2___ Va2

r a

v a • r a

(See derivation at the end of section III.)

F
4

4

Figure 8
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If the corresponding exit velocities are assumed to occur with

sufficient accuracy all at the same point ra = 6,455 km, then ap-

proximately 2__= 800,000 = 124 :
ra 6,,455

for v I = 10.4 km/sec:

400_ 000
al _ Lo_ i io.4_ = 25,ooo _,

= 10.4 • 6,45_ = 16,800 kin;
bl

for v2 = 5.8 m_/sec:

4oo.ooo
a2 = 124 ' 9._ = 14,3oo12,

= 9:8 " 6,_55 = 11,950 kin;
b2 - 9,8 

for v3 - 9.2 km/sec:

400,000

a3 = _ - 9.2_ = Io,25okin,

b3 . 9.2 • 6,_55 . 9,5oo tin;

for v4 --8.6 km/sec:

a4 _ _ = 8,000 kin,

8_6 • 6,455
b4 " J ." 7,850 kin;

J_4 - _.62

for v5 = 8.1 km/sec:

400,000 = 6, 900 kin,a5 " :t.,_._- 8.12

b5 = 8.1_ 6.455 ,, 6,860 kin.
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The period of the orbits follows from _he theorem (39), end
of section III:

dF Va " ra
= constant = .... ;

dt 2

Var a

dF = 7-- • dt;

Var a

F =-_--- • t =ab_

thus

t = 2ab_ . (18a)
va • ra

retarding distance

_arth

__,_ parabola

\o

F_ure 9

The time required for the 5 orbits is ";herefore:

tl 2 • 2_,000 • i_800 " _5
= .... 10.4 • 6,7+55 = 39,300 sc.c -- "10.9 hours

t2 2 • 14.300 • 11,950 "_ = 16,900 sec = "4.7 hours
=- 9.8 • 6,455
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t3 = 2 • 10.250 • 9,500 " _
9.2 • 6,'455

2 • 8,0oo • yj8_o • ._
t1_ = 8.6 • 6,_55

2 • 6,9oo • 6,860 • _.

t5 -- 8.1 • 6,455

10,300 sec = _2.9 hours

= 7,100 sec = _2.0 hotu_s

= 5,700 sec - _1.6 hours

F
4
4

a total of ta = 79,300 sec = _22.1 hours

Now commences a glide_ which may be thought of as follows" It

begins at height h - Ya = 75 km, with a tangential velocity va -
7.85 km/sec, with the centrifugal force = Va__2 , is exactl_ equal

Za ra

to ga, since, according to page 25, Va2'- ga " ra" Because of the
resistance, a constant deceleration p &_ts and therefore v and with

it the centrifugal force v2 decrea@e steadily, while the
Z m--..2

r

gravitational force g remains about constant. In addition to the

tangential retardation, there has thus to be provided a steadily

increasing radial acceleration e to balance g versus a centrifugal
force z:

e- g - z = g(l - g),

or, since z = v2 and, within the range of 0 and 75 km, with sur-
f

ficient accuracy also Va2 :

r

v2
e . g(1- (19)

Va-

This radial acceleration e my be provided by a wing Fo,
which is gradually broug_t to bear by moving its plane from hori-

zontal toward am inclination as sho_n in Figure lO:

T

Figure i0
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m Fo sin2 =( " cos _; (20)

the simultaneous tangential component _ = _ - tan o< may be still

neglected with respect to the large deceleration _.

To maintain am equal maneuverability, the resistance w must

not increase over its initial value, i.e., by (14) and (16a):

w - go go va2 ( _49;

i.e., things have to be arranged so that al_ys

(21)

applies. A definite height y may only be taken up, when the ve-

locity v has been decreased correspondingly.

In Figure ll, the values of v2 belongi_ to each height y,
v--Z

are shown together with the valuesaof 1 - v2___, which by (19) rep-

Va.

resent the required increase in e on a scale l:g.

¥-J75_

_w
I

L sea level

Figure Ii.

Further the distance s, covered when a velocity v has been

reached at constant deceleration _ =_a, is:
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F
4
4

v_2 . v2 Va2 O- - _--') v_2 (_}_-9.]",
s = 2/_a. =_--_-_ Va2 =2-_-a£"i'- .Y

(22)

oo
From this it may be seen that, if _ remained constant, the glide
would turn from its initial favorable course into a crash. Thus

may remain constant only to the point, where the trajectory begins
to deviate more strongly from the horizontal.

Now, the inclination of the trajectory, according to (22), is

--= _ Ya 49 Va2 4_ Ya)5 0ds Va2 • 49 • -----" -
dy _a ySO _ y_ (_- '

which gives

Ya Ya 2_a ds "

If the retardation corresponding to height h - Ya = 75 km

Ca = 325 Ionand va = 7.85 km/sec) resulting from F = 6.1 m2 and

given by

)'.._o. Va2 ,Ya _49
• F = goreI • (_"j • F = 2,000 " 7, 8502 " 6.1 •

(_00) 49 = 9-3 m/sec 2 = 0.0093 km/sec 2

is n_intained, then (23) gives a limiting inclination of dy = l__ ,
ds lO

which occurs at the height

(_)5o = 4__. 7..8.>2 . _1 = 5o,325 a • o.oo93 lO

or

1
D

Yb = Ya " 5_0 = 325 • 1.0814 = 352 kin,

or at

h - Yb = 400 - 352 = 48 k_
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above the ground, with a velocity Vb, according to (21):

___. 49. 50 . ___.------. o._163,
Va2 Ya 50

or

vb = Va/o.oe163= 7-_ " o.z_?- 1.15_sec

and after a distance according to (22):

Va2 v_2 _ 7.852sb = _ (I - ) = 2 • 0.0093 (i - 0.(_163) " 3,250 km

and after a time

% - 9.3 : 720 sec.

The radial deceleration is by (19)

vb2

_b = g(1 - va_j = g(l - 0.0_163) " 0.97837 " g,

or nearly equal to the total gravitational acceleration g and may
be thought resulting from a wing Fo, obeyin_ (20):

e =w--" Fo . sin2q . cos = =_g,
mI

where, according to our assumptions, w still has the value

vj  49w go

so that

20__00 = 6.5 _ .
Fo • sin e e( • cos_(" mlgw ='' 310

should be chosen as small as possible, say max o_ = 20°, to

get a value _ = _ • tam _ not excessively large with respect to

#a, so that

max T = 0.364 • 9.8 = 3.56 _sec 2

compared to
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_a = 9 _/sec2

and

6.5
Fo = 0.3422 , O.94-0= 59 m2 (-"5 m • 32 m).

I.e., the angle o< of the wing has to increase from 0° to 20 °

to the horlzomtal for a constant wing area F o = 59 m2 and constant

breaking area F - 6.1 m2, while the distance sb - 3,250 km is

covered and the h_ight d_ops from h - y - 75 dc_m to 48 km, in

order to have the radial deceleration e increase from zero to g,

while the velocity va = 7,850 km/sec decreases down to v b =

1,150 km/sec as a result of the constant resistance w = 310 km/m 2
(see Figures 12A-B).

From the height h - Yb = _8 km, _ must be decreased to avoid

an excessive descent, say, by eliminating the parachute type break-

Ing area F, leaving .om_ the component obtained last _ = 3.56
m/sec 2 = 0.00356 km/sec , produced by the wing for the further re-

tardation. This value may also not be maintained to the end, since

it would result in too steep a trajectory after a short time.

decreasing from 3.56 to 0.10e m/sec 2)

(eNremainlng " g) _(e increasing from 0 to g)
L

(_7- gi_ic2_lGibend.g) T-_.S6[_ zunehmendyon0 IN3g)

Figure 1.o

If e remains constant (equal to g), then the retardation must be

made to decrease, say, by changing the inclination of the wing F o

from B gradually to D and finall_r to the horizontal position at F

(see Figure 12 ).

At all points of the trajectory:
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v2
-/_ds = d (_--)

or, since

,Ya)49v2 =Va2 • t7 :

Va 2 .Ya)49 Va 2 4__ . (_)5 0 . dy,

so that generally

ds Va2 . 49. (_)50 (24)

where/9 is constant.

If the flight is to terminate at 45 °, then for y = Yo = 400 km,

we must have :

dy _ I (see Figure 13),
ds j_

Figure 13.

the final value of # therefore is :

_mln = 2 Ya __ " ds 2 " 325 _400" J_ =

0.000102 km/sec 2 _ 0.102 m/sec 2.

At the end of the trajectory (Figure 12F), the tangential com-

poment _ of the wing is zero and the retardat [on _min is now solely

caused by the atmospheric resistance against ;he nose cone, the

form of which with reference to Figure 13 is _hus
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w d2_ _l_min = -- " " ;

i.e.,

d 2 / w •

1 = _- "J=l "#mi_ '

or putting in the values

w = 310 km/m 2 (according to our still valid assumption);

ml = 2_000 kg = N200 _ ;

9.8 m/sec 2 m

d = 1.5 (practical minimum dimensions of the vehicle):

3.88m.1

_200 • 0.102

_le final speed is given by

Va 2

(_o)2v = va • = 7,850 " 0.062 = 48.5 m/sec,

so that actually the resistance is

_0 _2 l_[__ 48.52 310 kg/m 2
w go

permitting a simple landing.

For simplicity, a stepwise reduction in deceleration replaces

the gradual decrease from _ = 3.56 to _ = 0.102 m/sec 2. We assume

this to take place in 4 steps: B-C 3 C-D, D-E and E-F (see Figure

]2), with_c , _d, _e and _f being 3.5, 1.O_ 0.2 and 0.102 m/sec 2

respectively. These are to lead to trajectory inclinations dy =
ds

l, l, landl

_ _ v/_ , there follows from these assumptions at the

terminations of the respective sections :
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Section B-C:

by equation (24) :

d__s= Va_2. 4__. ___a)50

2#c Ya "Yc

Qr

• _. _. 7.852 . _ s
Ya ds 2 • 0.0035 325 " _" 222;

theref ore

1

22250 = 325 " l.ll4 = 362 km; h - Yc = 38 km;Yc
m Ya

further by (21) :

vc2 (y._Za)49i._4 . o.oosm;

Vc = Va #O.O050e = 7.85 " 0.0706 = 0.555 k_sec;

_nd by (22):

Vb2 - Vc_2 = 1.'1_52" 0"_552 = 146 kin;
Sc " 2_c 2 • o._35

and

tc Vb - Vc 1,150 - 555 . 170 sec;" #c " f.5

Section C-D:

va2 . 4_2 _. 7._ 2 !_.Z_. ]- 1,_o;
(_)50. _ y, " _ 2 • o.oos " 325 _"

1

Yd = Ya " 1,55_0 = 325 " 1,158 - 377 kin;h - Yd = 23 kin;

Vd2___ ( )49.1.1_8=o.ooo75;
Va2 d 1,550

va = 7.8545._o75 - o.215_/sec
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sd• = Vc2 - Vd2- = 0"5552 " 0"2152 = 131 km;
2& 2 • o.oo1

Vc - Vd = _55 - 215 = 340 sec;
td = _d 1

Section D-E:

_50 v_2 _ _.. 8_LZ___ 4_t 1
(ya) =2--_e Ya " ds 2 • O.OOCe 325 " _"1l'600;

1

Ye = Ya " ll,60_-'_ = 325 " 1.206 = 392 km; h - Ye = 8 km;

Ve_2 -Y._.a)49 ,. 1.206
Va2 = (Ye _ ,,, 0.000104;

ve = 7.85 VO'ooOz04 = 0.080 km/sec;

S e =
Vd2 - Ve2 = 0_2152 - 0.0802

2_e 2 • O.0002
" 99 kin;

Vd - Ve 21_ - 80 . 675 sec;
te = _e = 0.2

Section E-F :

y = 400 kin; h - y = O; vf = _49 m/sec;

_f : Ve2 - ',z2 : 0.08o2 - o.04_ ,. 2o _;
- _f ..... 2 - O.O001

Ve - Vf : _ : 310 sec.
tf = _f 0.i

The total 61iding distance is therefore

Sb_f = 3,250 + 146 + 131 + 99 + 20 : 3,646 km

and lasts

tb_ f : 720 + 170 + 340 + 675 + 310 = 2,215 sec = _37 rain.

The entire landing period from the first entramce into the

atmosphere to the final touch-down is

79,300 + 2,200 = 81,500 sec _ _22.6 hours.
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In the treatment of the breaking ellipse_3 it was assumed that

to first order there is a sudden change of the__ orbit from one el-

lipse (or parabola) to the next. Actually thLs change is gradual

because of the gradual resistive action and ti_e change occurs in

a transition spiral. The transition forces the vehicle into lower

and therefore denser layersp which in turn cause a greater friction

than was assumed. In consequence, the true exit ellipse has an in-

clined as well as shortened axis. To get an idea of the possible

error, we shall in the following determine the transition spiral

between the entrance parabola and the first ellipse by fitting el-

liptic sections together.

To this end one my divide the angle 4_ = 14°16 ', which is

the extent of the parabola within the effective layers into six

sections, each of _- 2022 2/3'I each of which covers a distance

of _s = _ = _ 270 km on the assumed transition spiral. As re-

quired, further angles may be added to those on the left of Fig-

ure 7. At the termination of each section th • retarding action of

the following section z_s is assumed to occur in a sudden decrease

of velocity Av = _ ' where v is the velocity for the preceding
v

section and _ may be found from table IV through the relation _ =

w__ . F • (v_) 2 . Values, not directly given, have been linearily
m 1

extrapolated for better comparison. For the 1,eglnning of each sec-

tion the values rl, Vl, _l are given by _v an,[ an investigation of

the preceding section and from these there foi_lows by means of the

equations

= /_ ; b 2 .....vl2rl2c°s2°<l ; _= goro2;

rl v12 rl - v12

(c.f. (45) and (46) in connection with t]_e area theorem) and

b2

rl

cos _I : _/a-_

(c.f. equation of an ellipse)

the angle _ between the initial direction anct the corresponding

major axis of the elliptic section considered_ further, since _ =

2°22 2/3' is known, the angle _2 = _l _ Z_between the final direc-

tion and the major axis a and finally the values
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F

4

and

r 2 =
b2

a +__ • cos _2

(c.f. equation of an ellipse);

v2 =_r2-_2- (r2-_l- Vl2)

(see equation (4))

r iVl
cos_2 = cos _l r2v2

(see area theorem, (39)),

belonging to the end points of an elliptic sector• This is re-
peated until again a distance r > 6,480 km is reached, being the

entrance ray of the exit ellipse•

The trajectory elements, calculated in this manner, are com-

piled in the table on page 40.
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For comparison, the values corresponding to a sudden transl-
tion from the parabola to the first ellipse are shown below in

contrast to those due to gradual transition:

Limiting Point O-I l-II II-III III-_

Parabola r 6,480 6,466 6,458 6,455
and first

ellipse v ll. lO ll.ll ll. 12 lO. 40

_< 3034 ' 2o22 2/3 ' l°ll 1/3 ' 0°0 '

Spiral r 6,480 6,466 6,457 6,454

v ll. lO ll. O0 lO. 66 10.20

_< 3°34 ' 2o22 2/3' l°17 ' >0°0 '

< 0°16'

Limiting Point IV-V V-VI VI-VII VII-VIII

Parabola r 6,457 -5 6,464.5 6,476.3
and first

ellipse v 10.40 lO. 39 lO. 38

_< loO, 2oi , 3o2,

Spiral r 6,456 6,46e 6,472 6,485

v 9.80 9.60 9.57

_< >0°55, lO45, 2o30,

< 0059 '

The resulting ellipse accordingly has an a - 12,486 km in

place of 25,000 km and b - /]-19,500,000 = 10,931 km in place of

16,800 km and is thus much smaller than the first ellipse calcu-

lated previously; the major axes being displaced by 7°41 ' -
7o8 ' = 33' from that of the former. Perigee would be at

b2 ll9.5 O0. 000

ra = a +---'_= 12,486 ÷ 6,033 = 6,452.7 km

in place of 6,455 km.

This makes it probable that actually a passage through two

ellipses, instead of the earlier estimate of five, will be
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sufficient to attain the correct orbitting velocity, particu-

larly, if the area F is slightly increased.

Finally, It Is to be investigated, whether one could not

force a circular orbit at the first entrance into the atmosphere,

without employing ellipses. This requires altitude control.

Since this however is required anyway for th2 subsequent glide,
this is no handicap.

The first, unfavorable approximations give a vertex of

ra = 6,455 km for the parabola with am already diminished ve-
ll.1 If the vehicle is to be

locity of Va B 1.03----'_I 10.75 km/sec.

forced into a circular orbit with this veloc:Lty and at this

distance, a centripetal acceleration

 o,75o
Za = ra _ _,455,b00 I 17.9 m/sec 2

is required there in place of the gravitational acceleration of

ga = 9.8 • (6_._._2"6,455" = 9.6 m/_ec 2.

The corresponding radial added accelera _ion

e = za - ga = 8.3 m/sec 2

may be produced through the effect of the a_" resistance an the

wing Fo, which, in accordance wlth Figure 13a, has to be placed

at an angle _ wlth respect to horizontal, so that by (20):

- _ • F o • sin 2 a • cos_'.

w $7
Figure 13a.

Wlth decreasing trajectory velocity v, the required radial

acceleration _ slowly decreases, which may b_ achieved by a cor-

responding decrease in the angle_(.
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For va = 10.75 km/sec and ra = 6,455 km we have, mintain-

ing F o at the same area as previously, namely 59 m2 add a vehicle
ms8

2
m -,_2"000 kg = 200 kg • sec

l0 _sec 2 m

w - 64o• _C_'-zu_)2 = 600_/_
ii.i0

and

w_.Fo = _ •59 m2 = i_ _/seo2;
m 200 kg • sec_

m

therefore for circular orbit we must have

esln2c< • cos o< ,,w =

" Fo

= O.O47;

._ = -_12 2/3 °.

The angle _< is gradually to be decreased to zero °, when the

free orbltting velocity 7.85 km/sec is reached.

The retardation at 75 km?eight2 where Vma x = ii.i km/sec
and for the parachute area F 6.1 m_ was previously given as

_mx = 0.0193 km/sec 2. During the forced circular orbit at 75 km

height, the retardation for an instantaneous velocity v:

= dv i . _m_ 0.0___0_0_0_0_0_0_0__/_
d-_= - _" -_ "k, (wok - n.l_';

is therefore, further

as

dt = v;

therefore

dv
-- = - vk;
ds

dv

kds = --- "
V J

-ks =imv+C
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at the parabola vertex for s = O:

O=lnv a +C; C = -ln Va;

therefore

V

- ks =ln v - in Va =ln Va ;

or

i V
S =--. ].n--.

k q

According.ly, we have, at the end of the forced orbit, i.e.,
at v = 7.85 km/sec, which corresponds to the free circular orbit,
covered a total distance

11"12max s = o.0193 " in = 6,400 • (6.98008 - 6.66568) = 2,000 kin.

The time required to cover this distance follows from

dt

dv

kdt = -_;

kt =+l+c;
V

for t = O, i.e., at the vertex of the parabola:

o = 1--+ c; c = i
2

q va

therefore

1 1

V V a J

and

i i I__)= i (Vmx2 vm_ 2);
t =_" (v- Va _--_'" v va
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1 ,ll. 102

t = 0.0193 _7-_- 5

11.102 15.7 - ll._

10.75 ) = _0.0193 = 218 sec = 3.63 min.

The entire landing time, including the subsequent glide, is

only

218 + 2,200 = --2,400 sec = 40 rain.

A landing without breaking ellipses is therefore very well

possible. However, the forced orbit, during which the passen-

gers, because of centrifugal force, are pressed against the up-

per wall, represents an inverse flight, during which safety of

maneuverability is perhaps impaired. The pilot however will have

to see to it that he does not get into too low a strata, since

this, according to Figure ii, could lead to a crash. If he, how-

ever, remains too high, then he will in the worst case bring his

vehicle out of the atmosphere temporarily and enter a smaller or

larger elliptical orbit, after which he can again, duly relaxed,

attempt a landing.

In apparent contradiction to the proposed landing method,

there stands the fact that meteorites burn up when entering the

earth atmosphere, indicating strong frictional heating. Here it

may be replied that these meteorites have a much higher entrance

velocity than our vehicle. We have after all specified that it

is subject only to the attraction of the earth indirectly, there-

fore that it is following the movement of the earth around the

sun, which amounts to 30 km/sec, representing the unavoidable

attraction of the sun, while meteorites, because of the gravi-

tational field of the sun, generally reach the Earth's orbit at

42 km/sec To this must be added the velocity of the Earth,

30 km/sec_ when the velocity vectors are opposed, so that in

this unfavorable case a velocity of 42 + 30 --72 km/sec results,

compared to the ll.1 km/sec of our vehicle. Since the resistive

forces are proportional to the square of the velocity, we have

in this unfavorable case a resistance (_)2 = _3 times as large

as that against the vehicle. Of course, it must not be over-

looked that during the retardation of v' = ll, lO0 m/sec to v = 0

an energy mv '2 becomes available. This for our assumed mass of

2

approx.

m = 21000 k6 = 200 kg ".sec 2

i0 m/sec 2 m

gives
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my'. 20_£0.ll,lOe= m,3 , o ooo
2 2

This energy must either be transformed _nto turbulence or

heat or both. Up to now, we indirectly assumed transformation
into turbulence. The other extreme -- total transformation into

heat -- using a mechanical equivalent 1 , would lead to a value

for the heat

,3oo_ooo, ooo
= _27 = 28,800,000 _at units.

During the retardation, so far assumed as high as possible,
the parachute would become hot and burn up. It would therefore

be necessary to bring along for the several lasses through the
retarding range and for the glide up to poinl B in Figure 12 a

whole series of suitable parachutes to be used one after the

other. (Since at point B the vehicle is already down to

1,150 m/sec, a further heating need mot be feared.)

If however any kind of combustion is to be avoided, re-

tardation would have to be sufficiemtly reduced, so that heated
surfaces would have sufficient time to radiate or conduct the

generated heat to the surroUndings.

Generally, the energy becoming availabl_ between a given

velocity v' to the instantaneous velocity v _s

mv ,2 my2

2 2 '

its increase/sec thus :

dE dv
--_mV "dt _ ;

the corresponding heat/sec therefore

dq mv dv
dt =_" d-_ ;

or, if the permissible heat intake/sec d_ is know_, then the re-
dt

tardation for an instantaneous velocity v car at most be

dv
dt dt mv
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The heat imtake/sec is equal to the rate of transfer through

radiation and conduction and may, if necessary, by means of cool-

ing rims on the surface of the vehicle, be assumed to be 500 heat

units/sec, so that, using again m = 200 kg • sec 2 :

m

dv 5O0 • 427 1,000 (v in m/sec)
dt 200. v v '

f.i., the maximum retardation can be

far v = lO, O00 m/sec, d__v= 1,O00 = O.1 m/sec 2,
dt lO, 000

" v m 5,000 " d./v= l_O00 = 0.2 "
dt 5,000

" v = 1,000 " d__v. _ = 1.0 "
dt l, 000

" v = lO0 " d__v. _ = i0.0 "
dt lO0

To produce such a small deceleration a parachute is hardly

necessary, the air resistance against the body and wings alone
should suffice.

The entire landing distance s is now composed as follows :

a_Zv.i,ooo
dt v

ds
m _ v
dt I therefore d__vm

ds

_dv
ds =--"

1, O0 0 •

ll O01 _dv - ii_1oo3
s _ 1,00-----_" 3 " 1,000

0

" 410,700,000 m - 410,700 km -

approximately i0 Earth circumferences:

Of these the travel between v = ll, lO0 and 7,850 m/sec

(forced circular orbit) takes up:



48

i!,1003 - 7,8_03

3 " 1,000 " 249,450,000 m = approx. (iEarth circumferences;

between v = 7,850 and 4,000 m/sec:

7_85 03 - 4, 0003

3 " 1,000 = 139,920,000 m = approx. 3.5 Earth circumferences;

between v = 4,000 and 0 m/sec:

_,00_ = 21,330,000 m = approx. 0.5 F_rth circumferences.
3 " i, 000

All this under the incorrect assumptio_, that the entire

breaking energy is transformed into heat.

The reality lies between the two extreres considered. In

any case, tl_ following has to be taken int< consideration during

landing :

i. Retardation must not be too strong: i.e., the parachute

must not be chosen too large.

2. The parachute must have a form suitable for the forma-

tion of turbulence (the requirements 1 and _ are best met by

following Valier's suggestion of replacing the parachute by a

number of concentrically arranged cones, wh(se vertices are di-

rected forward).

3. Because of the possibility of comblstiom, a number of

spare parachutes (or co_es) has to be taken along.

4. The vehicle mast not only be proviced with wings, but

also with cooling fins, made of metal.

Furthermore, these conditions being su_ ject to such unusually

high velocities and such unusually low atmo_ pheric densities, re-

quire further experimental clarification.

IIl

FREE-SPACE TRAVEL

In the sections so far we have considered departure from

the Earth up to the velocity, where no rettum to Earth occurs,

and the return to Earth from the moment of entering the atmos-

phere, separately. The question now arises whether, after the

Earth ins been left behind, the vehicle can be directed in such

a manner, that a return in the desired manner, i.e., tangen-

tlallM, is possible.
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After acceleration ceases, the vehicle moves in a radial di-

rection away from Earth, providing we ignore for the sake of sim-

plicity the lateral initial velocity due to the Earth rotation

(approx. J_63 m/sec at the equator). It rises or falls with a

steady decreasing velocity into space and beyond doubt, the pas-

sengers will with the sudden cessation of gravity first of all

sense in all probability the fear of a steady fall, which after

some e_perience will go over into the mare pleasant feeling of

floating. _Pnether the velocity zero is finally reached at in-

finity depends on the highest velocity Vl, reached at the dis-

tance rl, when acceleration ceases, which after all has not been
exactly determined because of the uncertain air resistance. In

any case, let the velocity, to be determined at an arbitrary dis-

tance r2 from the center of the earth by means of distance meas-

urements taken in definite time intervals, be v2'.

is

Generally, the retardation due to gravity at the distance r

dv ro 2

d'V = " go r-'Z-

and the velocity

dr

d-_ = v;

therefore

or

dr

vdv = - goro 2 _'_ ,

from which

v 2 goro 2
_=+_+C;
2 r

thus at the distance r2:

v2.2 goro 2

-_-= r2 +C;

and therefore
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v2,2 _ v2 goro2 _ro2
------- _ ----- - ..--- • (25)

2 r2 r '

from this the distance r3' , at which velocit_ becomes zero,
follows

v2'2 2 . go o2 #);= r2 _ = goro 2 r2
(25a)

2goro2

r3' = _ • (26),2
r2 - v2

If the height is to be not rq' but rq then at the point r2
the velocity would have to be in _ccordan_e with (25a):

r2 r3 oro 2 • r2r 3

in place of v2'.

(27)

The velocity v2 ' must therefare be corrected by Av 2 =

v2 - v2'. This can be done by firing a directional shot of
mass Am with a velocity c from the present vehicle mass m, so
that according to (1):

m c

with a + sign, according to whether Av is positive or negative.

If f.i. at the distance r2 = 40,000 km the measured velocity

is v2' = 4.46 km/sec (which would give r_' - oo), and if r3 is to
be only 800,000 km (say about twice the _istance to the moon),

then according to (27) with

2gor2 - 2 • 0.0098 • 6,3802 - 800,003 km3/sec 2

we must have:

/_gor-_ r3 -'r2 . _o0 "_800',000 - 40,00()v2 m
• r2r3 _/u 0,000 • 40,000 • 306_000

therefore

= 4.35 km/sec,

nv2 = v2 - v2' = 4.35 - 4.46 = - O.ll km/sec,
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and for a velocity of the projectile of c = 1.O km/sec:

Am O. ll
.... O.ll;
m 1.0

i.e., a shell of approx. 1/9 of the present vehicle mass m would

have to be fired in the direction of travel with a velocity of

1,O00 _sec. This shot is the more effective, the sooner it is

fired.

After reaching the desired height r3, the vehicle, if left

to itself, would return to earth radially. In order to achieve

the tangential entrance into the atmosphere, required in ac-

cordance with section If, it must receive at the point rq, when

the rate of velocity is zero, a tangential velocity v3 ({ee Fig-
ure 14). The return trajectory will in that case however not be

a parabola as provided in section II, but a very elongated el-

lipse of major axis

i
Figure 14.

r 3 + ra

on the other hand however, by the law of gravity (see (45) at the

end of this section) :

goro 2

a = 2goro _ '"

- v32

therefore

goro 2 r_ ÷ ra

2
r 3 - v32

from which
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or

v32 2g°r°2 2goro2= r3 - r3 + ra = 2goro 2 •

ra

r_l(r3 + ra) ;

v3 "/2goro 2 rar 3 (r3 + ra ) ;

and similarly

r_ v"2 r32
Va2 = 2goro 2 • ra'(r3 + ra) = _ " ra2 '

or

r3
va = v3 " ra "

F.i. for r3 = 800,000 km; ra = 6,455 km and £oro 2 --400,000:

(28)

6,455, - . o.o9 = 9ov3 = 0,000 • 800,000 • 806,455

T_ne tangential velocity may again be imparted by means of a

directing shot with

am = _ = 0.09,
m 1.O

i.e., a shell of say 1/ll of the present mass has to be fired at

1,O00 m/sec at right angles with respect to _he present direction

of travel.

T_e velocity va close to the Earth (ra ) is then

8OO. 000

va = 0.09 • 6,_55 - --_ll.1 kz/sec,

thus approximately the same as calculated fol a parabolic path

before.

Since the measurement of velocity, to be done en route, as

well as measurements of distance are possibly subject to error,

a check during the travel and possibly a correction of the tra-

jectory is desirable in the following way (see Figure 15 ):
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Figure 15.

At the distance r let us assume that subsequent measurements

have established v' and the direction of the path (4) and that

these lead to some undesirable perigee ra'. If instead a perigee

at the distance ra is desired, then the following relations exist

between ra, r, _ and the required velocities va and v (see the end
of the last section):

i. By Gravitation

p = _ g°r° 2 m

2. Conservation of Energy

f dr m_2 mVa 2

or

goro2 v2 Va2
+ -------+ C = 2 2 'r

for r = ra:

goro 2
-------+ C = 0;
ra

thus
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goro2 _ goro2 = v2 va2
r ra 2 2 '

or

va2 . _ + 2g_o2 (i___ i_);
r a r

3. According to the Area Law:

v • r • sin _ = va • ra,

or

2 = v2r 2 sin2
va 2

r a

we must therefore have

r2
(29)

or

and

2goro 2 r - ra

v2 r2 sin2_ ra2 r...... _ • ra •

Jr 2goro_ r - rav = 2 sin2 o( . ra2 ra r_ , (30)

in place of v'.

If f.i. at the distance r4 = 400,000 km _he velocity v4' =

1.415 km/sec and the direction _4 = 7°50' are determined (both

of which would correspond to a parabola with _ perigee of ra ' =
7,500 kin), then

r42 sin2 e(h 400,00_. 0.1372
" - 4_5,000 km

ra 6'455

and to achieve a perigee of ra = 6,455 kin,we must in accordance
with (30)
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jr L' 2goroA - r4 - rav4 = 42 sin2_4 - ra 2 ra r4

. / _' 8oo, ooo
#465,000 - 6,455 "

1.31 km/sec,

400,000 - 6,455 .
400,000

therefore

Av 4 = v4 - v4' = 1.31o - 1.415 - o.i_ _/see,

i.e., the correction of the journey my again be done by a cor-

recting shot with

___
m c 1.O

or approximately with 1/9.5 of the vehicle mass -- to be fired

directly forward.

By means of (29) finally one can also take into account the

influence of the Earth rotation, neglected so far. It imparts to

the rising vehicle an initial velocity vu at the equator 40aO00 km
86,400 sec

0.463 kun/sec and at our latitude of approximately 50o about 0.463 "

cos 5 0o = "_0.3 km/sec. In consequence the vehicle does not rise

in a straight trajectory, and the direction of motion at the dis-

tance rl, after vI is reached, is not exactly radially, but in-

clined to the radius by an angle _l, given by

(see Figure 16).

Vu

sin _(i = v I

With the previously found values of r I - 8,490 and v 1

9.68 _sec, the further trajectory would now be a shallow parabola

with a very close perigee of about 8 km. At r2 = 40,000 km the

velocity is

4.46 k /secv2' __v

and according to the area theGrem

v2r 2 sin _2 = vlr I sin _i,

and therefore

Vlrl = Vurl I _ = 0.0143.
s in _2 = s in _i " zv2r_-T .46 40,000v2r2
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ascent transit

parab ola_ e

_..\ _ /

Figure 16.

If the orbit is again corrected by a shot of c = 1 km/sec amd

Am = O.11 from v2' = 4.46 to v2 = 4.35 km/sec, there results a
m

transition ellipse with maximum perigee and a;ogee given by (29):

v_r22sin2 _( 2 2goro 2 2goro 2
• v22 = . ;

r 3 r2

(2goro 2
r32 r2

goro 2
Tmqx 1_3 =rain 2goro _

'r2 - v22

2goro 2 = _ v2_r22 sin2_2;

v2r sin _2 (g_2 o2g_°2 )__ - v22)_7_

400,000

r3 = soo,ooo_4.3F # -+
rain 4o, obo

r.4.35 " 4o. oo0 • o.ol4_ _2t8oo.ooo
' 4o0,oo0 ' ' 40,ooo - ,, _ _T_.. 2._

max r3 = 370,500 _-/_+ O.9999(J;min

i.e., the perigee is only 4 km or nearly zero, amd the apogee is

about 741,000 km or nearly equal to the previous height of 800,000

kin. On the other hand, at this distance r 3 = 741,000 kin, the
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velocity is not now zero, but_ given by the area theorem

v2r 2 sin _2

v3 = r3

tangentially.

4.35 • 4o;0o0 • o.o143 _-o.0034 km/sec = 3.4 m/sec,
= 741,000

To enter the desired return ellipse, we now need in place of

the previous value v3 = 0.09 kin/see according to (28)

v3 =J2goro 2.i'-r3(r 3:ra+ ra ) =_JO, O00 • 741,_6_455747,455 "

0.0964 km/sec = 96.4 m/sec,

i.e.,

nv = 96.4 - 3.4 " 93 m/sec,

so that

_m av 1
.... 0.093 ,,_ zo-'6?8",m c

in place of the previous 1/ll; the Earth rotation is therefore of

no great significance.

An arbitrary course of the journey between launching and land-

ing, according to what has been said above, presents no great dif-
ficulties.

If the velocity corrections, as assumed up to now, are do_e by

means of individual shots, and if mo and m I denote masses before

and after the shot, then by (1)

_ mo - ml Av

m _ c

or

ml i-_
c

To avoid sudden shocks and to lower the weight of the cannon,

it is desirable to replace the shots by several ccmsecutive ones.

In the limit this resembles the procedure of section I, i.e., mass

radiation, then



or generall_r

V

In m ,,c÷C.

If, at the beginning of the correction: the mass is mo and

the velocity Vo, while at the end these are mI and Vl, then

V o

in mo =c +C

consequently

Vl

In ml = _-+C

L i

mo vo ....in--= - Vl "_v

mI c c

and

_V

m 0
--m ec

ml
(32)

Since onl_ a mass decrease, never an increase, occurs, the
sign of _v refers to direction of the shot ¢r radiation.

For smiler values of _v the results of (31) and (32) differ
C

by only small amounts. For larger values however, radiation is
more favorable than the individual shot; f.i. :

i = i.ii and e0"I = 1.105for nv = 0.i becomes
1 O.1C

i
for _c = 0.5 becomes I - 0.5 = 2.0 and •0.5 = i._

Av I
for c = 0.9 becomes i 0.9 = i0.0. and eO-9 = 2.46

i
far aVc = 1.0 beccmes moo and eI'0 = 2.72

To determine the duration of free flight, let us ignore the
small influence of the Earth rotaticm and let us assume further

that r2 = rl. The flight then comslsts of two sections :
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I. t_ from the end of the accelerating stage at r_- 8,490 km
to the beglnning of the return ellipse at r3 = 800,000 _m;

II. The time tii to cover the return ellipse frem the apogee

at r3 = 800,000 km to the largest perigee at ra = 6,455 km.

The time tI equals the free fall of a body with zero initial

velocity from a height rq = 800,000 km down to rI - 8,490 km. Here
at an arbitrary point r _he velocity v according to (27) is:

or, since v = - _---:
dt

V _ r3 I

for r = r3:

i.

v -J2goro 2 _rr3

dt r ;

-I
IV r3 • t /_3 --r + C;

• t = -Jr(r3---r) + r3 arc sin r_ 3

0 = 0 + r3 • _+ C;2

+ C;

thus generally:

_ t _r - r) +r3#- arc simS3),• = (r3

and for r = rl:

tI = C#rl (r3 - rl) + r3 (_Z- arc sin V/_)Z;

for large values of r3 with respect to rI -- is the case -- one
may put

arc s_n I i

so that

tI =_ 2g__o _-_rl'(r3 -r I) +r3(2_-_)__;
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also

_oo_ooo
LV8,49_(8oo,_o= 8,4_)+ 8oo,ooo(_ -tz = #8oo,0o0

O0,O00,_i = 1 • 1,174,400_ = 1,256,300 sec =

-_349 hours.

The time tll to cover half the elliptic orbit follows from
(i_):

tH =
VSr S '

whereby

and

r_ + re 8OO.O00 + 6,455 = 403,227 km
a = 2 ' = 2

v3r3 . 0.09 • 890,O00 = 72,4oo kin,

r3 v32 _ 8OO, 000

therefore

4o3,2z_ .____724,ooo•
tlI II j

0.09 • 8oo, ooo = 1,272,0C0 sec = _354 hours.

The entire duration of free flight is therefore

tI + tii = 349 + 354 = 703 hours = _29 1/3 days

and the entire trip, including launching and landing, takes

703 + 22.6 = 725.6 hours = N30 i/5 days,

(roughly ome month).

Our investi_tions so far permi_ a mo.-e accurate estimate of

the vehicle weight G1, so far assumed as 2 tons. It has to include :

a) the passengers amd personal equipment,

b) liquid and solid food,
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c) fuel for heating,

d) oxygen for breathing and combustion,

e) containers for the supplies mentioned,

f) equipment for heating, ventilation, waste

removal, measurements and observations,

g) weight of the parachutes for the glide,

consisting of breaking area, wing, elevation con-

trol, nose cone and air frame,

h) the weight of the fuselage wall,

i) the cannon and ammunition for the direc-

tional shots.

For a) Two men with clothing and personal

belongings to weigh at most 2 • i00 =

For b) The daily consumption per man of a suitable

diet and water is about 4 kg; thus for 2 men/month:

2 .30"4=

For c) Since the vehicle radiates heat to space

(no heat conduction), heat losses will not be larger

than those of a Dewar of the same shape and dimension,

l.e., very small for a smooth surface. If in addi-

tion the part of the shell facing the sun is partially

or entirely painted black to take any more of the sun's

heat, then the internal temperature will remain tolera-

ble without further artifices. To calculate unfavora-

bly, 1_at transfer is to be established for conduction

and not radiation. The rate of heat loss/hour is then

V = At • f • _, where _t represents the difference be-

tween internal and external temperature, f the separa-

tion area and _ the heat conduction/hour for lm2 area/

degree in heat units, which depends on the nature of

the wall (1 heat unit = 1 k cal). By lagging the wall

wlth a suitable insulator -- which must be as light as

possible (say peatmoss) -- the heat conduction my be

taken as _ = 0.5. The vehicle surface f is to be kept
as small as possible; the sphere has max. volume for

rain. surface, but since for other reasons the rain.

dimension is to be 1.5 m and since the space (see Flg-

ure 13) for 2 persons and SUl_plies should have a min.

volume of 4.5 m3, an ellipsoid of revolution, having

carry

kg

2O0

240
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transfer

1.6 m dla. and=3.4 m length with a volume of 4.55 m3
and surface f 14.45 m_, may be used. The ._nternal

temperature may be + lO° C and it is further assumed

that the wall, exposed to the sum, has a temperature

of + 70o C, that facing space about - 270 ° C, i.e.,
the mean external temperature is - lO0 ° C and the

difference _t = llO° C. The rate of heat lo_s is

V = llO " 14.45 • 0.5 = 800 k cal/hr, the da_ly loss

24 • 800 = 19,000 k cal. This loss must be compen-
sated by burning a suitable fUel. The optimLm fuel

is petroleum with ll, O00 k cal/kg, requiring a daily

fuel consumption of at least _ 1.7 kg and with
11,000 "

regard to the requirements under d), we ass_ a fuel
consumption of 2 kg/day, in 30 days therefQr_. 30 • 2 -

For d) Since i kg of petroleum requires 2.7 kg

of oxygen, a daily provision of 2 • 2.7 = 5.L kg

oxygen is required. Further, one man requires per

day about 0.6 kg oxygen, thus 2 men 1.2 kg, _aklng
a total consumption of 5.4 + 1.2 = 6.6 kg daily and

a grand total of 30 " 6.6 "

The oxygen is to be taken along im the kiquid
state and contained in vacuum containers, s_ice the

containers for compressed oxygen are too heary, due

to the wall thickness required to withstand _he high

pressures. Liquid oxygen however has a te_:rature

of - 19O° C; and for the transformation from the

gaseous to the liquid state a latent heat of 500 k

cal/kg is assumed. For the heating of the gaseous

oxygen with a specific heat of 0.27 from - l_O ° to

+ l0° C, a further 0.27 • 200 = 54 k cal are neces-
sary. This gives a total requirement of 6.6 • 554 =

3,560 k cal/day, to make available the neces_3ary

6.6 kg of oxygen. This in turn requires 3,_60 = 0.3
11,300

kg of petroleum, thus increasing fuel consumption

under c) from 1.7 kg by 0.3 kg to 2.0 kg, so that the

quantity quoted under c) is enough.

For e) The vessels fQr storing liquid oxygen

will be Dewar flasks with an assumed ratio o_ weight
to that of the cozstamts of 0.4, while the r_maini_

supplies will be assumed contained in vessels with a
carry

44o

6o

2oo

m

7oo
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weight ratio of 0.2, so that we get 200 • 0.4 +

(240 + 60) • o.2 - 140

For f) For an efficient petroleum stove, for

ventilation and garbage removal, for chronometers,

for protractors, distance meters and so on we assume

For g) For the wings F o = 59 m2 and breaking

area F = 6 mz, elevation (and preferably also

lateral steering) control = 5 m2. Far the nose

cone, which, to decrease the weight and heat trans-

fer, is to be separated from the vehicle proper, a

cone of about 1.6 m base dia. and 4 m side; 1_6 _ •

4.0 = i0 m2 ; together 6 + 59 + 5 + i0 = 80 m- per
2

6 -

200

240

For h) The surface of the rump, according to c),

is 14.45 mz, the weight, including heat insulation,
my be taken as 50 kg/m 2, a total of 14.45 50 78o

For i) The cannon 2OO

Therefore the total weight without ammunition: 2,260

If the total loss of weight during the Journey be-

cause of consumption of supply is ignored, and cme as-

sumes tlmee directing shots of 1/lO of the total mass

each, then there results, as the initial weight after

acceleration ceases, G 1 = 2,260 • 1.13 =

thus the ammmition to be taken along is 3,000 - 2,260 = 740

At the beginning of the glide all supplies of ammunition, food,

fuel and oxygen are used up and the remaining weight is

G l' = 3,000 - 740 - 240 - 60 - 200 ,. 3,000 - 1,240 ,, 1,760 kg.

The resulting final weight at landing is therefore a little

less than the 2 tons assumed in s_ction II, on the other hand, the

initial weight is about 1.5 of t_t given in section I. Therefore,

according to section I, the mass radiated during acceleration, has

to increase also by the factor of 1.5_ i.e., the length dimensions

of Figu2e 4 would increase, other things remaining equal by

(1.5)1/3. If at the same time air resistance on the way up is

considered also, which according to the end of section I would
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require an increase in initial massmo in the ratio _ then the

required linear increase, according to Figure 4, is given by

.
so that for c = 2,000 m/sec and _c = 30 m/sen 2

the height 27 • 1.192 m _32 m

the lower diameter 18.7 " 1.192 = _22 m

the upper diameter o.65 • 1.1_2 - _ 0.77 m

and the weight at the beginning of the ascent will be

mo

G O = O 1 " ml 3 933 2,799 tons•

The use of a single gun presupposes that the vehicle can be

rotated arbitrarily, which is possible, if a part of the mass in

the vehicle is turned in the opposite direction, f.i. by having

the passengers climb about the wall of the v._hicle by means of

rungs, put there for this purpose. If t_he l[ving masses m I here

move with an angular velocity _>l at an average distance x I from

the vehicle center of mass, while the dead w._ight m t moves with

am opposed angular velocity _t at a distance xt from the center

of ross, then, since the to_al angular momentum must remain zero,

_mvx = O, or, da v = x ._,

Zm_x 2 = 0

or

mt • _ot • xt2 = m I • _ • x!2;

therefore

_t ml " Xl 2

_oI mt. xtz, (33)

i.e., the angular velocities are inversely a3 the moments of inertia

of the masses. If a total weight of 140 kg [s assumed for the pas-

sengers, leaving a dead weight for the vehicle in the most unfavora-

ble case (i.e., at the beginning of free travel) 3,000 - 140 -

2,860 kg, then there follows with the average distances to the cen-

ter of gravity, given by Figure 17:
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xt -le. l-- • _,z -L- _,z_4

Figure 17.

= 14o. o._ 2

_l 2,860. 1.22

1
J

m_12 0 •

Thus, to effect a 360 ° rotation, the inmates have to climb

120 times around the wall, for 180 ° 60 times and 30 times for 90°.

Since this will give them the illusion of gravity under fronds and

feet, this climbing exercise will be a welcome change in the other-

wise gravitatlon-less existence. If they move their mass centers

with a velocity of 0.5 m/sec, then they will need approximately

= 6 sec for a 90o rotation, i.e., 30 • 6 = 180 sec. Since
0.5

at a distance r2 = 40,000 km from the center of the Earth, where

the first shot is to be fired, the trajectary velocity is about

4.46 km/sec, a distance of 4.46 • 180 = 800 km is covered, before

the laterally positioned vehicle is brought into the position re-

quired to change the velocity by Z_v2 (+ corresponding to the sign

of v2 with respect to the gun position). With respect to the

40,000 l_n, this difference of 800 km is insignificant.

The correct positioning for the wings at the beginning of the

glide, a rotation about the main axis of the ellipsoid may be simi-

larly effected, but will be a little faster, since the dead weight

has less distance from the main axis.

At the end of this section, we want to derive in brief the

laws of motion in a gravitational field, which have been and will

be used repeatedly.

1. Experimental fact: The planets describe nearly circular

orb its.

2. If a body, mass m, describes a circular orbit r with

velocity v, then the centripetal acceleration dvr , according to

dt

Figure 18, is given as follows:
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v_ _x

Figure 18.

After a short time At, the path covered is given by

_x = v • At or At =_--
V

and

2 "aT""

amd because of the similarity of the rlght_gled triangles with

angle _

2 r 2r "

Comparing the two expressions for _kY

a/. r ,,2
dt r •

or, if a central force P produces this centripetal acceleraticm:

P - - m • -- (34)
r

(the - sign, because P is opposed to r).

3. Experimental fact: The squgzes of the periods T1 and T_

of two planets are proportional to the cubes of their distances rI
and r2 (Figure 19) from the sun, or

T22 r23 "

F

4
4
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Figure 19.

If v I and v2 are the respective velocities, then

2rl_ 2r 2

T 1 - Vl and T2 - v2 ,

thus

rl___2 v22 r13

Vl2 rl 2 r23

or

4. From equations (34) and (35):

mlVl 2

PI= r---_ mlvl2r2 =mlr2____2

_-_ m2v22r I m2rl 2
r2

and therefore

P1 = " _ " rl 2

m

P2 = - _ " r22

(negative, because P is

directed toward and r

away from the center);

or generally the law:

m
P = -_" r-_

whereat is a ratio depending on the center of attraction.

(35)

(36)
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5. For the sun as a center, _ follows from the Earth's mean

distance re = 149,000,000 kin, moving with a period of Te = 365 days,

i.e., with a mean velocity of

2re_ 2 • 149,000a000 •

Ve = _ = 365 86,400 = 2!).7 km/sec,

so that by (34) and (36):

Ve 2 me

-P'me • ----/_" --_ ,
re re

or

" re = (27.7 km/sec) 2 " 149,000,000 km,

km3
/_ = 132,000,000, 000 -- •

sec 2
(37)

6. For the Earth as center, _ follows from the distance r m =

392,000 1_m and period of 28 days, i.e., with a mean velocity of

2rmTt 2 -_2,0OOw_

vm= _ = 28 -_6,_00 = 1.01 Ira/see,

of the moon, so that

= Vm 2 • r m = 1.O12 " 392,000 = 400,000 kin3
sec 2

(38)

7. At the Earth surface (ro = 6,380 km) the central force by

(36) should be:

r_ 400. 000Po = • m = 6,3862 " m_

or in acceleration

400aO00_o = = 6,38o2 = 0.0098 km/sec 2 = 9.8 m/sec2;

which would follow immediately, from observations of free fall on

Earth, giving

= goro 2 *, 0.0098 - 6,3802 = 400,000
sec2 "

8. _e area theorem: For central motioz of a mass point under

the influence of a force P, directed toward a fixed center, the fol-

lowing is true:
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At the distance rI the velocity vI changes magnitude and direc-
tion in consequence of P1, which causes central acceleration. The

new velocity v2 may be regarded as the diagonal of a parallelogram
of velocities. The area covered by the radius vector is in unit

time according to Figure 20:

F
4

4

Figure 20.

for a velocity _Vl:

dF 1 r I . v I sin fl
dt 2

for a velocity v2 :

_2 = rl " Vl sin _l
dt 2

Similarl_ the velocity v3at r2 , and given by v2 and P2, is
to be regarded as a diagonal in such a parallelogram. The rate,

at which the radius vector covers the area, is then:

for a velocity v2:

dF2 r2 • v2 sin _2

dt 2

for a velocity v3:

d__ r2 •
II

v2 sin _2

dt 2
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This gives

dFl = --dF2= dF3 " comstazlt (39)
dt dt dt

i.e., equal areas are swept in equal times.

9. Energy conservation : At each point, according to Figure l,

the force consists of two cozrponents with fi_ed directions X and Y,
so tlmt :

X = m • _and Y - m • 6t ;

where

d-_ = v_ and = "dt Vy,

from this k • dx = mvxdv x and Y • dy = mvydvy;

or_ since

2 = vx2 + Vy2,

between two points with velocities va and v:

S IXdx + Ydy - - 2 ";,

Further by Figure 21:

v -_'-_

Figure 21.

dx ==ds • cos _;

dy = ds • sln_;

ds . ----.-dr;

cos _,
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F

4
4

and

_P(cos _ cos _ + sin _ sin _) dr =

m_2 mVa2

or. since cos _ cos _+ sin _ sin _ - cos (_- C) = cos _:

JPdr mv2 mva2= 2 2--" (4o)
/+

i0. Application to arbitrary mot_Ion under gravity: In Fig-

ure 22, Z is the center of attraction_ va the orbital velocity of

a body at its perigee ra, v the orbital velocity at an arbitrary
distance r with components along and at right angles to the radius

vector, given by d-_drand r. _ respectively, we have by the law of

equation (36) :

p R D _ "

r2 '

according to theorem equation (40):

dr my2 mVa2

or

+_+C = v2 Va2
r 2 2 '

for r =ra:

_+CRO
ra

thus

___._ Va2
r ra 2 2

or

r a
(4l)
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Figure 22.

by the theorem (39):

Va • At • ra = (r + d_ " _t) " r . d__. At;'2 2 dt

from this

d._.= _ va • ra _ .
J

dt r2 +rd_.At

or for At = dt = 0:

dt r2 '

(42 )

by Pythagoras :

(v_t)2 . (_ • _t)2 . (r a__. At)2dt

or

Va2ra 2

by comparisom with (41):

r "r a "_';

further by (42):
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therefore

or

dr _2 r4
_" --_ (Va2 - ra_+ r2"_- r_jva2ra2_

dr r2 + _ r - i.

= r Va_ra _ Va2ra2

ii. The equation of an ellipse (see Figure 23):

(43)

Figure 23.

= b2

r a_+ e cos _ ' where e2 = a2 - b2 or a 2 - e2 = b 2

dr = b2 • e • sin _,

df (a' _-'e cos IF')2- ;

here we may put

b 2 r2

(a +'e'c_ f,)_' be

and

e _ g- %2 _ e2 oo_2m,

further

ee cos2 _ =
b2 b4 2ab 2 a2
(_-- - a)2 . _ _ r + '

therefore
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e sin _ =_2 a2 + 2ab_r
b4.i-b2+2ab__!
r2 _ r r2 '

we have

dr = r 2/_ b2 2ab2 b4

or

d_r_r I- i r2 2a

d = rj _-_ + _-_r - i •
(44)

12. By comparison (43) and (44) for d__L__ it follows that the

d_p
motion of a body under gravity (36) is an eL_lipse, for which

v 2 __
_ 1 = "a ra

b2 va2ra 2 '

and

b2 Va2ra 2 '

theref ore

a =

_. Va2
ra

(45)

further

b2 = a --------Va2ra2= va2ra2

ra

thus

_= Vara
b = Vara a /2_ v2 ;

#r a - a

(46)

further
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e2 = a2 - b2 = a2 - a
Va2ra 2

by adding

0 = _ 2ar a - 2ar a

there follows

e2 . a2 . 2ara + ra 2/_. a (_a2/_-Va2),,

or, since

1 (2_ 1 is :Va2)= F

e2 = a2 - 2ara + ra 2 - (a - ra)2;

thus

e " +_ (a - ra);

i.e., the center of attraction Z is the focus of the ellipse (see
Figure 22 and 23).

13. As long as __ Va 2 m 0 ' a remains positive, b real,
r a

i.e., the orbit is an ellipse.

If _2_. Va2 . 0 ,
ra

is now a parabola.

then a is infinite, b infinite, the Qrbit

If2
-- - Va 2 < 0 ' then a is negative, b imaginary and the
ra

orbit a hyperbola.

If a is to be equal to ra_ we mast have

_Lr a

ra =2_-_a 2 ,

ra

or

- va2ra - fu

th_
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the orbit in this case is a circle.

14. The period for an elliptic orbit i_3 given by the area

theorem (39):

dF Vara

dt I constant = 2 :

vat a

F = 2 • t = ab_ ;

thus

t = 2ab_ .

Vara i

and if, according to (46), we substitute the value

b = Vara_

then we get:

t = 2axe= 2_.

(47)

(48)

IV

CIRCUMNAVIGATION OF OTHER HEAVENLY BODIES

A circumnavigation of the Moon, f.i., tc find the nature of its

unknown side, will mot substantially differ from free space travel,

as long as one does not approach it close enough, so that its at-

traction as well as that of the Earth (which at the same distance

is 80 times as effective) becomes significart. Since during the

30 days of the journey the Moon will also orbit the Earth once, we

cannot speak of a circumnavigation, but rather a crossing of paths,

which my take the form shown in Figure 24, where E, M and F are

Earth, Moon and rocket respectively, while the numbers indicate

simultaneous positions. The largest Moon perigee is therefore

about half of the largest Earth apogee, the relative largest at-

traction by the Moon therefore about 4 1 of the simultaneous
2(

Earth attraction. Its influence will not further be investigated

here.
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&

Figure 24.

In our consideration only the Earth attraction was considered,

while that of the Sum was ignored, because the vehicle follows the

30 km/sec, which the Earth covers in its orbit about the Sun. This

is only strictly true at the instance, when the vehicle is at rest

relative to Earth, i.e. at its highest point r , and even then
only if this point has the same distance from t{e Sun as the Earth.

Assuming that the vehicle leaves the Earth tangentially to the Earth

orbit, then its velocity, if lO km/sec relative to Earth is with

respect to the Sum JO + lO = 40 or 30 - lO _ 20 km/sec, according

to a positive or negative direction. In the latter case, its in-

stantaneous trajectory has a higher curvature, in the first case,

less curvature thsm the Earth orbit, because of the solar attrac-

tion. Since the-vehicle's velocity relative to Earth however

quickly decreases because of the Earth's gravitational effect,

and the total time of the ascent is only 15 days, i.e., 1/24 of

an '_i_rth orbit, the trajectory in the range considered will not

perceptaoly deviate from the Earth orbit. If on the other hand

the ascent is radial with respect to the Earth orbit, then at the

apogee r3 the velocity of the vehicle relative to the Sum equals

that of the Earth, but the distance from the Sun is larger or

smaller than the Earth-Sun distance, depending on the ascent being

from or away from the Sum. In the former case, the trajectory

again has a higher curvature, in the latter a lower curvature.

But since an apogee of 800,000 km is negligible compared to the

distance of 150,000,000 km, the deviation here too is hardly no-

ticeable. The direction of ascent is therefore so far arbitrary.

It is advisable however to direct it toward the Sum, so that the

Earth can be seen in its entirety and brightly, which is necessary

for the distance and velocity measurements. The distance r 3

800,000 I_ to be attained will therefore always be assumed in that

direction during our further considerations, even if r3 is ignored

with respect to the distance from the Sum.

If at that point the tangential velocity v3 is chosen 3 km/sec

instead of 0.09 km/sec (see Figure 14) as in section III, then under

the influence of the Earth's attraction alone the trajectory is now

a flat hyperbola rather than an ellipse, since
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_. 2 • 4oozooo _ 32
r 3 v32 = 8oo.ooo :, - 8

and the vehicle will pursue a path directed away from the effective

range of the marth gj_avitation with nearly uniform velocity, until

it finally -- so to say as an independent comet -- it is subject

only to the attraction of the Sun. Initially the tangential veloc-

ity relative to the Sun is vI = 29.7 + 3.0 = 32.7 or 26.7 km/sec,

according to whether v3 is along or against the Earth velocity of
29.7 l_.,/sec, lu eithe_ case the vehicle describes an ellipse about

the Sun in the first case outside, in the sec,md inside of the

Earth orbit.

If the vehicle's path is te touch at a distance rii from the

Sum, the orbit of a planet other than the Earth, distant r I from
the Sun (see Figure 25), then the major axis of the ellipse is

r I + rll

a= ' 2

an by (45)

rl

th_s

rl " v I - rl + rll '

from this

I2 2_ rIIe

v = rl + ri I rl ;

or

vi - l_ • rI--_I (49)
Jr I ÷ rii rI •

The Earth's mean distance from the Sun i3 r I = 149, 000_ 000 km,

that of Venus f.i. rTT = 108,000,000 km. Sin=e further by _37)

_A = 132,000,000,000 _/sec 2, we have for a JmArney close to Venus

.
vI 257 27.3 km/sec.
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7

E, v,

F

4

4

Figure 25.

Now the Earth velocity is ve = 29.7 km/sec and accordingly the

velocity to be imparted to the vehicle, after it reaches its apogee,
has to be

_v I = v I - ve = 27.3 - 29.7 = - 2.4 km/sec

and could be the result of a tangential shot of mass

nv I
._m = m • --

C '

where m is the mass of the vehicle before the shot add c is the

velocity of the projectile. In this case, one can no longer use

the value of c = 1 km/sec, assumed in section III, and also a single

shot of the required strength would endanger the vehicle and its

passengers. A system of continuous mass radiation as in section I

m_st be used with a min. velocity of c - 2 km/sec. We have now for

the ratio of total mass before and after the action by (32)

m__o _ve (_') .
ml

But since during the initial parallel paths of planet and ve-

hicle orbit interference is unavoidable, an additional safety fac-

tor _see Note__, say V = 1.1, must be added, which necessitates:

_vI 2.4
m O ----

(_ll)i = V- e c . 1.1 • e2"0- 1.1 • e1"20', 3.65,

where the mass has to be thrown forward in the direction of the

Earth's motion.

_Note_/ Such interferences may be obviated by radiating the mass

dm= _ am (see (lc)), directed against the disturbing planet and
dt
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equal to the gravitational effect g, so that _ot a distance x from
the planet by (la) and (2)

dv

dt--= c_ = g =go
ro2 mo _.e_t.
7 and

At the assumed initial point x = 800,000 km from the Earth with

go = 9.8 m/sec 2 and ro = 6,380 km:

c_ = 9,8 • 6'38°2 z
8oo,ooo_= i,_ _'sec2

and after one day = 86,400 sec, when c = 2,0_, m/sec:

86_4oo = o.o_7o;_t -_c " t =l_OOO. 2,ooo

at the distance x = 800,000 km from Venus with go = 8.7 and ro -
6,090;

6, 0902 1
c_ = 8.7 • 800,000_ = _ mzsec 2

and

86_400 = O. 0_16;
_t = 20,000 • 2,000

at a distance x _ 800,000 km from Mars with g(. = 3.7 and ro : 3,392:

c_ = 3.7 " : 150,0('0

and

86. 400
_t = 150,000 • 2,0oh " o.00_88.

With each succeeding day, x becomes larger, i.e., the daily

increase _t smaller. By plotting planet and _ehicle positions,

one gets for the first 5 days the following d_stances x and the

corresponding daily values _t:

Eart___.h_h Vemus Mar___s

800,000 O.CeTO 800,000 O.Cel6 800,000 0.0029

1 85 O,0OO O.0240 85O,0OO O.O191 900,000 O.0023
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Eart____.hh Ven_ IVar..__s

900, 000 O. 0213 900,000 O. 0170 i, 000, 000 O. 0018

3 i,000,000 0.0173 1,000,000 0.0138 1,200,000 O. 0013

4 i, i00,000 O. 0143 i,200, 000 O. 0096 i, 400, 000 O. 0009

5 1,200,000 0.0190 1,400,000 O. 0070 1,700, 000 O. 0006

sum = o.1159 = 0.o881 = 0.0098

mo exitAccordingly after the first 5 days y = m =
m

for hhrth: l* = e 0"I16 = 1.123; for Venus: y = e 0"o88

for l_rs: Y = e 0"01 = 1.01.

=, 1.093;

The above safety factor _ = i.i is thus only a rough mean,

which must be corrected for each planet. The interference cor-

rection need not be done in cme step, it will be sufficient to

do it daily once or several times with corresponding intensity.

_nd of note__) The time required to cover half the ellipse by (48),
using rI + rIl

a = " 2 = 128,500,000 km:

_J1198,5 O0 a0003T I = _t = _t 32, 000, 000, 000 = 12,600,000 sec = 146 days.

The Earth moves in its orbit with an angular velocity of

360 ° = 0.987O/day ' Venus with 360 °
365 day--s 224 days = l'6C7°/daY" During-

the time of 146 days, the Earth.thus covers an arc of 146 • 0.987 "

144 °, Venus an arc of 146 • 1.607 - 234.5 °. In order to have the

vehicle approach Venus in fact (say at a distance of 800,000 km

from the center of Venus and on the side closest to the Sun), the

launching has to take place at a time when Venus is 234.5 - 180 -

55.5 ° behind Earth in the sense of the motion of the planets (points

V1 and E1 in Figure 25 ). If the vehicle would continue its journey

unchanged, then it would return after a further 146 days to its

initial point in space via the dotted half of the ellipse, the Earth

however would be retarded with respect to the vehicle by a further

36 ° or a total of 72 ° (point E3 in Figure 25). To make it possible

for the orbits to intersect, the time for the return trip must some-

how be increased. Two possibilities present themselves:

1st possibility (see Figure 25). If the dotted branch of the

ellipse is to lead back to Earth, then the Earth at the time of
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departure at V2 would have to be 36° in front of, rather than be-

hind, Venus, i.e., at E2' , not _. The vehicle would have to be
kept near Venus until the correct position of the two planets oc-

currs, i.e., until Venus has almost caught up again with Earth,

except for the 36°. Because of its faster _ravel, Venus gains
a daily angle of 1.607 - 0.987 = 0.62 ° and _lo it would require

464 Earth days for it to advance from its initial 36° advantage

over Earth, the remaining 288 ° to arrive 36')behind the Earth.

During this time, the vehicle can be made to circle Venus arbi-

trarily often. To achieve this, it must first of all be suitably

decelerated, say by _Vll and thus subjected to the permanent in-
fluence of the gravitational field of that planet, just as it was

previously taken out of the Earth's gravitational field by _v I.

The Venus near point V2 (Figure 25 ) is attained with a velocity

vlx-v I 27.3• rII = • a &7.6 km/sec,

while the orbital velocity of Venus is

2 • 108,000,000 •Tc km/sec •
Vv = 224 • 86,4oo a 35.1

To attain velocity zero with respect to Venus, a decrease of

37.6 - 35.1 = 2.5 km/sec must be made. If r;he orbit about Venus
is to be a circle of radius a, then the period by (48) is t -

2g_ • With regard to the correct vehicle position with respect

to the later departure, the following has to be observed concern-
ing the choice of t : During the 464 Earth ,_ys, Venus covers its
orbit 464

= 2.07 = 2 + 0.07 times ' i.e., when the orbitting has

to stop, Venus will be further in its orbit by 0.07 rotations
about the Sun than at the beginning (see F_re 25a). Since the

vehicle's velocity, when entering the field of attraction of Venus

(vii), as well as at the exit from this field (vii'), must be di-
rected at right angles to the Sum-Venus rad Lus vector, there are,

according to Figure 25a, at the moment, whe:_ the vehicle leaves

the orbit, 0.07 parts of an orbit missing. The total number of

orbits may therefore be 3.93 or 4.93 or 5.9_ and so on, so that

f.i. for 5.93:

464
t = 5.9---_= 78.2 days = 6,750,000 sec.

If mass conditions pertaining to Earth are assumed to apply,

for simplicity's sake, also in the case of Venus, which is of the

same size or nearly so (exact observations of the trajectory devia-

tions of comets indicate, that Venus has a mass only of 0.82 that
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of E_rth), then we mayagain put _ -- 400,000 km3/sec2 and this leads
fQr a to:

a m V_2_J = v_O0,O00 ( 2_ ) = 773,000 km,

and for a trajectory velocities during the orbits of

v3 =_=2 • 773,ooo •
t 6,,75o,ooo

o.72km/sec.

The desired orbit will automatically occur, if at the time

of transit at V2 (Figure 22) the relative velocity is not zero,
but 0.72 km/sec, i.e., the retardation not equal to 2.5, but

Avll m 37.6 - 35.1 - 0.72 = -_1.8 km/sec.

This again requires a radiation of mass of

(acV_) 1.8mo 2.0 0.9

_1(--)n_ _ " e = 1.1•e - 1.1• e = 2.65

in the direction of the motion, i.e., toward the front.

Figure 25a.

After the 464 days, necessary for the 5.93orbits, an equal
mo must be used to withdraw the vehicle

radiation of (_-_)II _ 2.65

in opposite direction from the gravitational field of Venus and to

return it into its own elliptic orbit, in which after a further 146

days it returns to the neighborhood of Earth. At the instant of

the crossing, again assumed to occur rq_ 800,000 kmfrom the

Earth center, the relative velocity wi_h respect to Earth has to

be reduced by further mass radiation to the value of v3 = 0.09 km/sec,
established in section II. Since at this instant the velocity of

the vehicle is vi=- 27.3 km/sec and the speed Qf the Earth in its
trajectory is ve 29.7 km/sec, the necessary increase in velocity
is

my I' = 29.7 - 27.3 - o.09 - _-2.3 km/sec
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and must now be effected, so as to accelerat_ _ the vehicle, i.e.,

toward the rear:

--- ' _. e2"0 1.1 3
(m1)m°I = = " el'15 = .47.

The entire journey in this case lasts -- including the 30 days

required for ascent and launching:

30 + 146 + 464 + 146 = 786 days = 2.15 years.

If mI denotes the ross of the returning vehicle, m o the total
mas_ at the beginning of the ascent, including fuel, then -- not

taking into account the change of mass due to supplies being used

up -- approximately:

mo 52--= 933 " 3.65 " 2.6 • 3.47 = 83,000.
mI

2nd possibility (see Figure 26): From the point V 2 t_ vehicle

is to return to Earth E4 not directly, but by detour via F 3. The
coincidence with Earth can happen at best 1.5 Earth years _fter

separation at E1 . The Sun distance ril I of point Fq is to be chosen

therefore such, that the entire travel time from El_via V 2 and F 3

to E4 takes 547.5 days. The total time T is composed out of the-

times T 1 and T2 and Tq, required to cover the 3 half ellipses I,
II and III with the m_jor semi-axes

r I + rll

al = 2 = 128,500,00¢ km;

a2 =
rll + ri11 rill + r I

2 ; a3 = 2 "

From these two expressions :

r I -rii

aS - a2 = .
.. 149,ooo,ooo - .. 2o,5oo, ooo ira.

2

Further

T 3 + T2 = T - T 1 = 547.5 - 146 = _01.5 days,

or by (48) -- for half an elliptic orbit --

_ + ff_ = 401.5 days = 34,700,000 sec,

or
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+ _ = _4,700,o0o,_. j_ = 34_70o,o0o_ Ji_,_oo, oi_o,oob_

therefore

and

a3 - a2

= 4, OlO, 000,000,000, I

20,500,000. J

These two equations are satisfied by:

a3 = 169,000,000 kln and a2 = 148,500,000 kin.

Therefore from rli + rii I

a2 = 2 :

rii I = 2a 2 - rli = 297,000,000 - 108,000,000 = 189,000,000 kin.

Dei_rture at E1 occurred with a velocity v I = 27.3 km/sec

and arrival at V2 with a velocity:

rI i 40_Vll= v I • -- = 27.3 " = 37.6 km/sec.
rii

The velocity required at V2, to reach F3, is by (49):

j_ .rIII _ 64,000 18vii ' = rii + rii I rii -J 297 "
= 39.4 km/sec;

which determines the velocity of arrival at F3:

-- 108
rII = 39.4 " l_ = 22.5 km/sec.

Vll I = vii' • 1.111

The departure velocity necessary at F3,

! ?_ ....' _ = p64-mooo
viii' = Srii I + r I " rii I $ 338 "

and finally the velocity, arriving at

to attain E4, is

1_9 = 24.8 km/sec,

viv = vii I' rIII ll_9• ri = 24.8 • = 31.5 km/sec
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coml>_zed to t'he F_rth vaJocity

ve = Z9.7 k_ise-c.

Accordi_,gl_ Lhe t'_.il.wJ:,._gv,.lo-_ILy cla_ _s sre ]::'_:essa_7

at de_artuze El:

at pas_ ing

at pas sir,s

av I = :Y,3 29-7 = - 2. _ km/sec,

V2: _vli " 39.4 '" J(.6 " + 1.3 km/sec,

F3 ". 6VTT £ = 24,8 22,5 = + 2.._ }um/s_c.,

%: e:±,_- ='_9,7 - 3;.5 _ o.c> . - ].: _,m/aec

(i it is tin£ .al,dln_ ).

. _L, --._,,

;_l) I . _, e2.0. ] : t] .L? j b_

z,8

'.._' : y, _2.0
_mI *_

,% !:Z
_I Jzv

]-] " e _ -"" 2 il

= _" e2_0 = i.I " c O'uv = ".._i"

the._e ere to be di-

rected forwar_ at Ei

-- = 933 3,. 55 " 2-7.1 3- _.? 2 " i = ,*J-,_,,c,o.
m]

T;.._-"eutlre Jouroey tekes

30.5 + 547.5 -- 578 ds,ys = _ '

luciudlug lan_ing and ascent_

Of these possibilities2 the second one for the same fuel con--

sumption has the advantage of a shorter travel time, while the

first permits a longer stay in th_ neighborhood of Venus.

A visit to Mars would take a similar form. Here however its

position at the instant of proximity would have to be more ac-

curatel_ calculated, since its orbit is more eccentric than that

of Earth or Venus, its Sun distance varying between 248,000,000 km
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and 205,000,000 km. Now the detoua_ via Fq, according to Figure 26,

at its apogee rii I equals 189,000,000 km,-is nearly equal to the
smallest distance of Mars to the Sun, leaving only 16,000,000 km.

With a suitable choice of the time of ascent during a n_tual con-

stellatiom of Earth, Venus and Mars and with a suitable adjustment

of rii and riii, a passage at relatively stall distance (about

16 = 8 million km each time) of Mars as well as Venus cam be
2

achieved in a single journey of about 1 1/2 years' duration.

f

era," "_"--v'_

Figure 26.

This 580 day Journey would not quite take 20 times as much

as the 30 day Journey into space, described in section III. For

a rough estimate of the vehicle mass now required, we multiply by

20 the parts of the weight, which depend on the duration and are

denoted on pages 67-68 under b), c), d), e), while those inde-

pendent of time, i.e., listed under a), f), g) and i), are left

as is. With regard to the larger weight h), required by the larger

storage space, we allow 3 times its previous weight. Since with

the storage space also the heat-transferring surface increases,

we imply here a better insulation. These assumptions lead to a

weight less fuel

(240 + 60 + 200 + l_O) • 20 = ]2,800 kg

+ 200 + 200 + 240 + 200 + 740 = 1,580 kg

+ 78o • 3 = 3,34o

total of 16,720 kg = 16.72 t.

Between E1 and V2, T1 - 146 days pass, between V1 and F3
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T2 = Tl • = 146 = L81 days;

between F3 and E4

- % •_- 146_ - 22o
T3 days.

4128.53
Of the 12.8 toms of supplies, consumed were:

during the 15 days ascent up to El:

between E1 and V2:

between V2 and F3:

between F3 and E4:

12.8 • _ - 0.33 t,

146

12.8 • _- 3.20 t,

181

12.8 " _ = 3.95 t,

22O

12.8. _- 4.8ot,

between departure and E4 therefore 12.28 tons.

After arrival at E4, the weight of the ._hicle remains 16.72 -
12.28 " 4.44 tons.

Immediately before arrival at E4,
the total mass is

after arrival at F3

immediately before arrival at F3

after arrival at V2

ium_liately before arrival at V2

after arrival at E1

immediately before arrival at E1

after acceleration has ended

at departure GO =

or abbreviated:

4.44 • 2.57 = ll.40 t

ll.40 + 4.80 = 16.20 t

16.20 • 3.47 " 56.30 t

56.30 + 3.95 = 60.25 t

60.25 • 2.71 - 163.00 t

163.00 + 3.20 = 166.20 t

166.20 • 3.65 " 606.67 t

606.67 + 0.33 " 607 t

607 • 933 " 567, 000 t

o.3_T • 933 - 567,ooot.

"3.65+
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The main part of the ammunition, to be taken along, is taken

up by the fuel required for the initial acceleration, but such fuel
is also necessary (say 607 - 17 = 590 tons), to change the velocity

during the journey and such a mass will present difficulties as re-

gards maneuverability. How much GO depends upon the velocity, with
which the mass is radiated, c, is clarified by the following llst

of values for Go, resulting for different values of c for a constant
acceleration of_c = 30 m/sec2:

c : 2 _/sec" G,,: E{_,_ • 2.57+4._) • 3.47+ 3._Y • 2.71+

3.2J • 3.65 + 0.3j • 933 = 567,000 t

c --2.__se_: Oo"E'tL"6._ -2.17 +4.8) • 2w ÷ 3._,7"•

2.27 + 3.2 I " 2.87 + 0.3_ " 235 = 69,500 t

c., 3 _sec: Oo- L-t_._ • 1._ _-4.8:_• 2.38+ 3._- 2.oo÷

3.21 • a.45+o.3_T. _-17,6oot

c --4 ,_/se_: Oo" L"t_-_ " _-.69+_.8) • 1.98÷ 3-_.T" 1.73÷

3.2_ " 2.00 + 0.3_ " 30 = 3,150 t

c -,5 _oc: % .. E'f/_.44 • 1.55÷4.8) • 1.75. 3._rJ • 1.57,-

3.21 " 1.78 + 0.3_ • 15 " 1,130 t.

V

IANDINO GN O_ER CELESTIAL OBJECTS

Of the planets, Venus seems to be particularly suited for a

landing, because, presumably, it has an atmosphere similar to that
of Earth. This and the further assumption of similar gravitation

conditions would accordingly permit a landing exactly as described
in sections II and III for Earth. It could begin by imparting to

the vehicle at the distance r3 = 800,000 km from the center of
Venus a tangential velocity v_ = 0.09 km/sec (see Figure 14).

(Compare what has been said a_out _ars and Venus on pages 88-89.

Since furthermore the atmosphere of Venus is very high and dense,

landing should be simpler than on Earth. ) The preceding journey

proceeds exactly as determined for the segment E1 - V2, following

Figure 25, i.e., V2 is passed with a velocity vii - 37.6 km/sec,
compared with a velocity of Venus vv = 35.1 km/sec; the relative

velocity at that instant being 37.6 - 35.1 = 2.5 km/sec. To re-

duce it to 0.09 km/sec, a reduction by apprQximtely mvii = 2.4

km/sec is necessary, requiring a mass
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_Vll
m 0

(=-)IT" e c

while at Eo as before

The travel time is now:

ascent at E1

Sun-centered orbit E1 - V2

landing at V2

total

2.4

= i.i • e2"0 = i.i • e1"2 = 3.65,

" 3.6 .

15 la_

146 days

15 days

176 days,

i.e., about 6 times the 30 days, discussed in section III. In de-

termining the mass, the parts of the weight, b), c), d), e) may be
multiplied by 6, while a), f), g), i) are taken as is and the ve-

hicle weight h) is about doubled, giving a total weight (less fuel)
of

(240 + 60 + 200 + l_O) • 6 " 3,860

+ 200 + 200 + 240 + 200 + 740 = 1,580

+ T8O • 2 "

total = 7,000 kg = 7.) t.

Of the supplies, used up, were, as before.,:

between departure and E1

between E1 and V2

therefore between departure and V::

0.3 t

3-5 t,

therefore after arrival at V2 a weight of: 7.0 - 3.5 = 3.5 t re-

mains. The total weight at the ascent from Earth is therefore as
follows :

for c - 2 km/sec: Oo - LT3-5 " 3.65 + 3.2) • 3.65 + o._7" • 933 =

54,800 t

for c = 2.5 km/sec: GO = _3.5 • 2.87 + 3.2) " 2.87 + 0._ • 235 =

8,800 t
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zor c = 3 k=/sec:GO - _(3.5 " 2.45 + 3.2) • 2.45 + O.J • 95 -

2,800 t

fox c-4 _/sec Go-L73_5 °2.00+3_2) ' 2.00÷o._T. 30=

_o t

260 t_

For a self-motivated return to Earth from Venus, the same

ascent weight is necessary, if however the mass necessary for the

return trip has to be taken a]ong immediately, then the following

weisht at departure would be necessary:

for c = 2 km/sec: 54,800 • 3._ 2 • 933 " 670,000,000 t

for c = 2 5 km/sec: 8,800 • 2.87 2 • 235 =

for C = 3 km/sec:

zo_ c = 4 km/sec:

f_ c _ 5 km/sec:

17,000,000 t

2,800 • 2.452 • 95 = is600, O00 t

62o • 2.oo2 • 30 - 74,ooot

260 • 1.782 • 15 = 1,240 t.

A landing om Venus therefore presapposes that tl_ fuel neces-

sary for a return, may be manufactured by simple means of raw ma-
terials avmilable there.

A landing on Mars cannot be undertaken after the fashion de-

sczibed for Venus or Earth because presumably the atmosphere there

is lacking_. Retardation must now be effected in a manner inverse

to acceleration, described in Section I. Mars has a radius of

ro = 3,373 km, the gravitational acceleratlon -- as determined
from the motioD of its 2 moons .....is go = 3.7 m/sec 2 " 0.0037
_/_c 2

If again an acceleration of c_= 0.03 km/sec 2 and an exhaust

velocity c = 2 km/sec is assumed, so that _( = c__ = _ = _ ,
c 2.0 sec

then the distance rl, at which the _cceleration must commence,
is by (7):

go
rl - to(1 + _-4)= 3,392 (1 + __0.03 " = 3,800 km
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and the velocity at arrival in r I from a large distance is by (8):

2 • 0,0037 3,3922
Vl " "_ 3,800 - - 4.70 kin/see;

further the average retardation by (9):

go ro2 )- c_-7 (2÷_ -0.03"_3 (2÷ _3,3_)" o._655_/sec2,

the approximate time therefore for retardation by (I0):

4.7otl = = 0.02655 = 177 see,

and the mass ratio of the radiation by (11):

mO__ = e_tl = eO.O15 • 177 . e2.66 14.3.
m1

If rI = 149,000,000 km denotes the Earth-Sun distance, and if
Mars is to be reached at its perigee rii - 205,000,000 kin,then the
vehicle, after leaving Earth, must receive a tangential velocity,

according to (49), of

#__.ooo-.2 3 .oV I

compared to the Earth velocity of 29.7 kin/see, while Mars is passed

with a velocity of

vii = 32.0 • 205 = 23.2 km/3ec

compared to a velocity in its orbit around the Sun of 26.5 km/sec.

The necessary changes in velocity are therefc:e after leaving Earth

hvi = 32.0 - 29.7 = 2.3 km/3ec

with

(m_)i = P- e = I.i • eI'15 - 3.47;

for landing on Mars:

aVil = 26.5 - 23.2 " 3-3 km/sec
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with

(_---)II" Y'e 2"° " 1.1 • ei.65. 5.73.
ml

The travel time is composed as follows :

ascent from Earth about

Sun-centered Journey Earth-Mars :

rI + riI
a - 2 - 177,000,000 km and

15 days

= 132,000,000,000 sec2 therefore

_I lW_o_o",aoo_
J132,060,000,000 = 20,350,000 sec = 235 days

landing on Mars approximately da_

total: 265 days

i.e., about 9 times the 30 day Journey of section III. Similar to

the journey around Venus, the initial weight of the vehicle, less
fuel, may be found by:

_" 3,860 + 1,580 + 1,560 = 5,790 + 3,140 - 8,930 kg = N9 t.

Of the approximately 5.8 t supplies consumed were:

during the ascent from Earth _ " 5.8 - _0.3 t

during the Sum-centered journey Earth-Mars

during the landing on Mars

2_5" 5.8 =

At arrival on Mars there are left 9.0 - 5.8 - 3.2 t, and the

total weight at the beginning Qf the ascent is

for _ - 2 _sec: Oo" tLT3.2• 14.3, o.3_ - 5.73÷ 5.2_/• 3.47,
0.3_ " 933 = 875,0o0 t

J
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for c =2.5_sec: ao = t/'(3.2 • 8.3÷ 0.3) • 4.13+5.U" 2.77+
0.3} " 235 " 76,500 t

for c =3 _sec" Co = I/__'(3-2" 5.9* 0.3) " 3.32÷5.J" 2.38÷

0.3} " 95 " 15,600 t

for c = 4 k_sec: G O = I_T3.2 • 3.8 + 0.3) " 2.51 + 5.2_ " 1.98 +

0.31 " 30 " 2,200 t

forc =5_/sec:Oo" {$3.2"2.9÷0.3)•2.14÷5.#. 1.75+

o.3} • 15 - 690 t

thus very much less favorable than in the case of Venus, which has

an atmosphere. Much more favorable however is the self-propelled

return to Earth from Mars -- again of course under the assunzgtlon,

that fuel can be found and processed there -- in this case the fac-

tor 933, etc., is eliminated because of the Earth atmosphere and

the remaining factors in the inverse sequence, corresponding to a

return trip_ are

forc -2_dsec:Co" IS3.2*0.3)"3.47+5.J" 5-73+

0.3} " 14.3 = 1,430 t

fore : 2.5_/sec: Go= f_r[3.2+ 0.3) • 2.w+ 5.J" 4.13+

o.3} • 8.3: _15t

for c = 3 _/sec: Go : IS3.2 +0.3) " 2.38+5.U" 3.32+
0.31 " 5.9 = 265 t

for_=__sec: 0o= {S3.2+0.3)•1.98+5.J" 2.51+

0.31 " 3.8 - 118 t

for c = 5 km/sec: G O = {$3.2 + 0.3) • 1.75 + 5.2_ • 2.14 +

o.31 " 2.9 =Tlt.

A landing on the Moon would be similar to one om Mars. Here,

using the same notation, we have:
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r o = 1,740 kmj go = 0.0016 km/sec 2 (since the density of the Moon

is lower than Earth's, we have go < 0.0098 • _); _c = 0.03

km/sec2;c = 2.0  /sec; o.oo16
= sec ; rl = 1,740 (i + _) =

Vl /2v " 0.0_016 : Ij7402

t"

1,83o kin; 1,830 ..... = 2.30 km/sec; _ = _ 0.03 -

0.0016 ia7402 Vl _ 81 sec;
3 (2 + 1,83 } = 1m/see2;tI = = =

m__° = e_t I = eO.O15 • 81 = ei.22 = 3.40.

m I

Since the duration of the journey in this case is at most twice

as long as t_mt required for the extended space journey of section

III, requiring a correspondingly smaller stock of supplies, one may

now assume a weight, less fuel, averaging 2.6 t in place of 3 t,

giving an initial weight for the one-way trip Earth-Moon:

for c = 2 1_/sec: G O = 2.6 • 3.4 • 933 = 8,250 t

for c = 2.5 km/sec: Go = 2.6 • 2.64 • 235 = 1,610 t

for c = 3 _/sec: Go = 2.6 • 2.25 • 95 " 555 t

for c = 4 knn/sec: G o = 2.6 • 1.85 • 30 " 144 t

for c = 5 1_n/sec: G o = 2.6 • 1.64 • 15 " 64 t

and the initial weight for the return trip Moon-Earth:

for c = 2 km/sec: G o = 2.6 • 3.4 = 8.9 t

for c = 2.5 km/sec: G O = 2.6 • 2.64 = 6.9 t

for c = 3 _/sec: G o = 2.6 • 2.25 = 5-9 t

for c = 4 km/sec: G O = 2.6 • 1.85 = 4.8 t

for c = 5 km/sec: G O = 2.6 • 1.64 = 4.3 t.

If on the other hand the return to Earth is to be assured, then

the weight at departure from Earth must be :

for c = 2 km/sec: G o = 2.6 • 3.42 • 933 = 28,000 t

for c = 2.5 km/sec: G o = 2.6 • 2.642 • 235 = 4,250 t
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for c = 4 _/sec:

for c = 5 km/sec:

• ¢)GO - 2.6 2.252 • 95 = i,_50 t

GO - 2.6 • 1.852 • 30 - 890 t

GO = 2.6 • 1.6_2 • 15 = 700 t.

The relative case of the attainability of the Moon and the loi

mass ratio mo . 4.0 at departure from the Mo_1 leads to the concept
ml

of using the Moon as an intermediate station for further undertakings.

A condition here is that the necessary fuel may be gained from the

Moon itself, i.e., an explosives factory can be constructed there.

To investigate this possibility, an investlgative 2-way trip with

assured return, f.i. one, involving GO - 38,000 t at c = 2 km/sec,
would have to be carried out, which after all is not completely out-

side the range of possibility. In case of positive findings, every

further _on Journey would require only 8,250 t and each return from

Moon to Earth only 8.9 t, and for each trip to the planets, initiated

from Moon rather than from Earth, the mass ratio required would be

mo etc., in place of the Earth-mass ratio mo etc.,
ml = 3.4 t ' -- =--- ml 933 t '

whereby however the return trip would be directly to Earth, because
of the more favorable landing conditions.

The following initial weights would be necessary :

a) round-trlp Moon-Venus-Mars-Earth (no Inter_edlate landing on

Venus or _rs ):

for c = 2 k_sec: GO = "_ • 567,000 = 2,070 t
933

for c = 2.5 km/sec: Go . 2.._____. 69,500 = 78C t
235

for c = 3 km/sec: GO = _ • 17,6OO = 417 t
95

for c = 4 km/sec: Go = 1.85 . 3,150 = 194 t
30

for c " 5 km/sec: Go . 1.64 . 1,130 = 12_ t
15

b) for a trip Moon-Mars, including landing, but without insuring
a return :
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for c = 2 km/sec: Go . 3.4 . 875,000 _ 3,190 t
933

for c = 2.5 km/sec: Go . 2.64 • 76,500 = 860 t
235

for c = 3 km/sec: Go = _ • 15,600 - 370 t
95

for c : 4 km/sec: Go - _ • 2,200 - 136 t
3O

for c _ 5 km/sec: Go . 1.64 . 690 - 76 t
15

c) for a trip Moon-Venus, including landing, but without insuring
a return :

for c _2 km/sec: GO _ "_" 54,800-200t
933

for c = 2.5 km/sec: Go _ 2._____. 8,800 = 99 t
235

for c = 3 km/sec: GO = _ • 2,800 - 67 t
95

for c = 4 km/sec: GO = _ • 620 - 38 t
30

for c = 5 km/sec: Go . i._ . 260 - 29 t
15

d) for a landing on Mars, safeguarding the return trip (safe for

an initial investigatiom), using mo = 14.3 ' etc., and taking into
m1

consideration a further 5.8 t of supplies for the return trip:

for c = 2 km/sec: GO " 3,190 " 14.3 • _= 75,000 t
9

for c = 2.5 km/sec: GO - 860 • 8.3 " +_ " i1,800 t
9

for c = 3 kin/see: GO = 370 " 5.9 " _ " 3",600 t
9

for c = 4 km/sec: GO = 136 " 3.8 • 9 + 5.8 = 850 t
9
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for c = 5 km/sec: GO " 76 " 2.9 • _ _ 360 t
9

e) for a landing on Venus, safeguarding a r_,turn in a suitable way:

for c = 2 km/sec: G o - 200 • 933 " _ + 3.9 = 290,000 t
7

for c = 2.5 km/sec: GO = 99 " 235 • 7 _+3-9 = 36,300 t
7

for c = 3 km/sec: Go = 67 " 95 " 7 + 3.9 = 9,900 t
7

for c = 4 km/sec: Go : 38 " 30 • 7 + 3.9 = 1,780 t
7

for c = 5 km/sec: GO = 29 • 15 " 7 + 3.9 = 680 t.
7

Safeguarding the return in case e) is l]ore difficult than in

case d), nevertheless and in spite of the f_ct that a self-propelled

return from Venus (with nearly the same valiLes G o as at departure
from Earth) could only be accomplished with a high exhaust velocity

c; the probability of finding there an atmo:Iphere and consequently

conditions for life, similar to those on Earth, is so great 3 and

the difficulties of tl_ one-way trip there -- imving once estab-

lished the station on Moon -- so stall that presumably Venus must

be primarily considered as a goal for immigration, Mars on the other

hand a goal for scientific investigation tr:.ps.

During departure from _3on 3 one should strictly speaking,

take into account the velocity of the Moon around the Earth, as

was done (Figure 16) with the rotation of t]_e Earth; its influence

will however not here be investigated.

For simplicity, we have up to now only discussed those connec-

ting elliptic segments between planets, whi<h touch the 2 planets,

which are to be connected, i.e., those requ:xing changes in veloc-

ity, but no changes in direction. It is no, obvious that these

tangential ellipses constitute the most fav._able connection.

Rather it is conceivable that other ellipse'_, intersecting plane-

tary orbits, would be more expeditious, since without doubt they

would provide shorter connections. For th_ reasorJ we examine

first the other limit of a change in direct:on at constant veloc-

ity.
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The connecting ellipse to be found must cross both planetary

orbits with velocities equal to the velocity of those planets;

using the notation of Figure 27 we have for the connecting el-
lipses, according to (41):

1. Va2 - ra = Vl2 - rl ,

2 2_ 2_.
2. va - = v22 -

ra r2 ,

and for the circular orbits r I and r2, by (37):

Vl rI '

2
v2 = ;

r2

therefore we would require:

1. - 2-a-
ra r I rI

2. Va2 - 2-_",,-A_.- 2-_.
r a r 2 r2 '

or

i.
ra - Va 2 rl

.
2_ IJ_
ra - Va 2 r2

The two equations are contradictory. It follows that the con-

dition of crossing both orbits with corresponding velocities cannot
be met.

If now only the condition is required, that one of the plane-

tary orbits, say radius r2, has velocity equal to that of the el-

lipse, then only one of the equations remains :

2__ =__;
ra - Va2 r2
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and choosing ra arbitrarily:

further by (45):

and from (46):

=_ _
Va2 ra " r2 ;

a 2__Va 2 =_ =r;''
ra r2

= ' Vara " Va_r_ " ra_r_ - 1

b V -"

i.e., each ellipse, whose semi-major axis a equals the radius r2
om a circular orbit, will cross this orbit "#ith the correspcmding

velocity.

, \'_,'_ .'_ . , _ "

Figu.re 27.

The angle, subtemded at the crossing _y the two trajectories,

which at the same time gives the tamgemtiaL inclination of the

trajectory, is by Figure 28:

dr 1 &'

tam q = r2d_ r2 do, ;

i.e., according to (43) with r = r2:
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i01

= • r 2 + • r2 - 1 ;
tan _ _Va2ra 2 va2ra2

or, since in this case

Va 2 2_ /x
ra r2

we have:

tan W va2ra2 va2ra2 j_a2ra 2 - i .

f '7

I v,,"% _'

_\ _ i I

k /
\ /

Figure 28.

Of the many possible connecting ellipses with semi-major axis

a = r2, we now wish to examine the one which touches the planetary

orbit with radius rl, i.e., the one which requires a change of di-

rection only near ome planet and a chamge in velocity oml_r mear the

other one. For this we must choose

ra = r I

so that

2r 2 - r I
2 =2_a..__= _ .

Va r I re rlr2

and
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2r2 Itan =<= _'i 1- (zr2-rl) - i;
rlr2

/Z-22 -_2rlr2 + rl 2 = /j.!r2 - rl) 2

tan _( -/ rl(2r2 _ rl ) _/rl_2r2 _ rl ) •

To produce the change of direction without change in velocity

v2 at the intersection, a velocity component has to be added at
right angles to the bisector of the angle _<, having a magnitude

mv = 2 • v2 • sin %' (see Figu_*e 28).
2

F.i._ for am ellipse, touching the Earth orbit and intersecting

that of Venus in the desired way, i.i. for

r I = 149,000,000 km

tanQ< =

r2 = 108,000,000 km

v2 = 35.1 km/sec:

/'(108 - 149)2 - 4l
j14_- (216- i49_ =_ = o.41;

o< = ._22 1/4°; Av " 2 " 35.1 • sin Ii 1/8 ° = 13.5"km/sec;

for the ellipse, touching the orbit of Venus and cutting the orbit

of Earth, i.e., for

r I = 108,000,000 km

r2 = 149,000,000 km

v2 = 29.7 km/sec:

[ (_9,108_i . 41 - 0.286;
tan _ "J108 (2_- 108) Jl'_ .L_9o

= -_16°; _v = 2 • 29.7 • sin 8° = 8.3 km/s_=c;
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for the ellipse, touching the Earth orbit and intersecting that

of Yars, i.e., for

rI = 149,000,000 km

r2 = 205,000,000 l_m (circular orbit assumed)

v2 = 26.5 kin/see:

I12_ --i_9)_ = _6 = o.2_;
ta_,_ ,/_9 (_1o- 149) y_

= _16°; nv = 2 • 26.5 • sin 8° = 7.4 km/sec;

for the ellipse, touching the Mars orbit and intersecting that of

Earth, i.e., for

rI = 205,000,000 km

r2 = 149,000,000 km

v2 _ 25.7kin/see:

E(149- a
tan _ =4205 _298 - 205) _205 • 93

_<=-_ 22°; _v = 2 • 29-7 " sin ii° = ll.4 km/sec.

One cam see that in all cases the velocity change _v is much

larger tlmn that required for an orbit touching both planetary

orbits. F.i., in the most favorable case (touchin_ the Earth orbit
and crossing that of Mars), we have a Av = 7.4 km/sec (in place of

AVil = 3.3 km/sec as on page 98), requiring a mass expenditure

L_v

m O

-- = _ • e c of the following values:

ml 7.4

for c = 2 km/sec: m__q° = 1.1 " e2"0 a 44.5 in place of 5.73
m

74
mo 2.5

for c = 2.5 " -- = 1.1 • e = 21.4 in place of 4.13
rn

mo -/_
for c = 3 km/sec: _-- = 1.1 • e3"0 " 14.1 in place of 3.32
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for c = 4 km/sec:

for c : 5  /sec:

mo= 1.l - e = 7.05 in place of 2.51
m

_- = 1.1 " eS.0 = 4.85 in place of 2.14.

It is to be added that also during the transit from the plane-

tary orbit, touched tangentially into the coznecting ellipse, cut-

ting tl_e other plazetary orbit, one requires a larger velocity

change _vii than in the case of an orbit, touching both planetary

crbits, simce in the latter case the chamgiz_ curvature has a

mi nimum.

From these results it may be concluded that the ellipse,

touching both planetary orbits, does in fact represent the most

favorable trajectory.
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